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Aufgabenstellung

Finanzmarkt

Startkapital
Anlagezeitraum
Ziel

Aufgabe

Besonderheiten

mit riskanten und risikolosen Wertpapieren
zeitstetig, kontinuierliches Handeln

Xo >0

[0, 7]

maximaler mittlerer Nutzen des Endvermégens
Bestimmung einer optimalen Anlagestrategie

Wie viele Anteile
von welchem Wertpapier
sind wann zu halten ?

Drift abhé&ngig von unbeobachtbaren Faktorprozess

Investor beobachtet nur Wertpapierpreise und
Expertenmeinungen



Klassisches Black-Scholes Modell

Bond dB; =rBidt, By=1 = Bondpreis B;= e
r risikoloser stetiger Zinssatz
Aktie Wahrscheinlichkeitsraum (Q, G = (Gt)tcpo, 175 P)

Aktienpreis Sy = exp (1 — "—2)t+ cW;), tel0,T]
Renditen (returns)  dR; = % = pat + o dW,;

W; Wiener-Prozess,

w1 mittlere Aktienrendite, Drift; o Volatilitat

o r =0.04
e Bond L =0.07
et Aktie Mittel c=0.2
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Portfolio

Anfangskapital Xo=Xx >0

Vermégen zur Zeitt Xy =Xi( 70 + 7w 4+ ...+ af )

investiert in Bond  Aktie 1 Aktie n
7K Wertanteil von Aktie k, k=1,...,n

Strategie me=(n},...,7M)"

Selbstfinanzierungsbedingung und Annahme r =0 =

Vermogensgleichung
Xi = X[ genugt linearer stochastischer DGL mit Anfangswert xg
dX{ = X{n] (pdt+odW;)

Xg = Xp




Nutzenfunktion

U:[0,00) > RU{—c0} streng monoton wachsend, konkav

U(x) bewertet ,Nutzen® des Endvermdégens Xt

x? _ .
Ux)=1{ ° for € (—o00,1)\ {0} power utility

Grenzfalle Ux)-+ — logx, Ux) — x
0 0—0 oM



Klassische Optimierungsaufgabe
Vermégensgleichung  dXf = X{n[ (pdt + ocdWs), XF = Xo
Strategie T = (7t)tefo,T]

Zulassige Strategien A(xg) = {(m:) : Integrabilitdtsbedingungen,
X >0,vVtel0,T]}
Optimierungsaufgabe

E Xz
e [U(X7)]

Losung  optimaler Wertanteil 7 = - 1_0(UJT)_1
Merton (1969,1973)

Nobelpreis fir Wirtschaftswissenschaften 1997

14 = const



Modelle mit partieller Information Gber die Drift

@ Drift p  ist sehr schwierig zu schatzen
bendtigen Beobachtungen Uber lange Zeitraume
ist nicht konstant

abhangig vom Zustand der Okonomie

@ Idee: p ist abhangig von Zeit und von weiterer "Rauschquelle
ist nicht FF—adaptiert (nicht beobachtbar)

FR = (]:ﬁ)te[o,n c F von Renditen R generierte Filtration

Investor kann nur Renditen R; (bzw. Aktienpreise S;) beobachten,
jedoch nicht Drift ; und Wiener—Prozess W;
= Modell mit partieller Information

@ Problem “Lernen” der Drift aus beobachteten Aktienpreisen

Schatzung bzw. Filter flr



Financial Market with Partial Information

(Q,G = (Gt)teo,m, P) filtered probability space
Money market with interest rate 0
Stock market  prices S;=(S},...,S)", returns dR; = dS}/S]
dR; = wrdt + o dWF
WA = (Wf)ep,r; n-dimensional Brownian motion
= (m)ep,r;  Stochastic drift, independent on W*
volatility, non-singular

Information investor filtration F = (Ft)icjo,r1 € G

classical situation F;y = Fff = F7 ]-'tWR’ G

filtering with observation R and signal u

we may also consider additional information leading to 7' ¢ G

optimal strategies depend on filter i} = E[u|F}]
and its dynamics and distribution



Trading and Portfolio Optimization

@ X; wealth (portfolio value) at time ¢

@ m = (7t)tepo,r] trading strategy
w} is fraction of wealth X; invested in stock i
7 has to be F/’-adapted

@ Wealth X; = X[ is controlled by 7 and satisfies

dX; = Xym{ dRy = Xym/ (uuedt + cdW), Xo = xo

@ Evaluation of terminal wealth with utility function U, e.g.

0
Ug(X):%7 0<1,0#0, or U(x)=log(x)

@ Stochastic control problem: maximize expected utility

E[U(XT)] over admissible strategies = for xp >0
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Optimal Strategies in Special Cases

@ Forconstant u: 7} = +55(00 ")y =const Merton strategy

@ For stochastic 1, information F” and U = Uy = log
optimal strategy is obtained by substituting filter ﬁtH for u
(Certainty equivalence principle)

» Proof: (forn=1and x, =1):
T 1 T
log X7 = / <7r[ e — E(am)z) dt+ / math’q
0 0
» For FH-adapted = we obtain

;
/ E{mE[u,\}'ﬂ—%(am)z] dat + 0
0

-
/ E {m - 1(0’7Tt)2:| dt
0 2

» Pointwise maximization yields 7; = o2}/

Ellog X7]

@ In general we expect a dependency of 7} on filter ﬁ{?’ and its dynamics
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Drift Models

@ Bayesian Model:
1 is random but time-independent
KARATZAS/XUE (1991)
@ Linear Gaussian Model (LGM) or Kim-Omberg model
w1 is an Ornstein-Uhlenbeck process
leads to Kalman filter
LAKNER (1998), BRENDLE (2006)
@ Hidden Markov Model (HMM)
1 is a continuous-time Markov chain
leads to Wonham or HMM filter
SAsSS, HAUSSMANN (2004), RIEDER, BAUERLE (2005)
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Linear Gaussian Model (LGM)

Drift

: A, Ada_ [, Mv.“,n
A AV W )

|
(o] T

Drift is a Gaussian mean-reversion (Ornstein-Uhlenbeck) process
dut = w(f — p)dt + 6dWY', g ~ N (mo, o)
where W/" is a Brownian motion (in)dependent of wh

Closed-form solution available

Stationary distribution for t — oo is N (, %)
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Hidden Markov Model (HMM)

Drift

good

medium

bad
o] T

Drift uut = p(Yt) is a finite-state Markov chain, independent of W[

Y has state space {ey,...,€4}, unitvectorsinRY

w(Y:) = MY; where M= (u4,...,1g) contains states of drift

switching properties defined by generator or rate matrix Q € R9*9
diagonal: Qi = —Ax  exponential rate of leaving state k
conditional transition prob. P(Y; = e/ | Yi_ =k, Y; # Yi_) = Qu/ )\«

initial distribution (p',. .., p)"
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Einbeziehung von Zusatzinformationen

@ Driftschatzungen (Filter) aus Beobachtungen von Aktienpreisen
sind oft sehr ungenau.
Das Rauschen (Volatilitat) dominiert das Signal (Drift).

@ Praktiker verwenden zur Portfoliooptimierung oft Markowitz-Modell,
ein (sehr einfaches statisches) Ein-Perioden-Modell.

In einer Erweiterung, dem Black-Litterman Modell, kombinieren sie
empirische Driftschatzungen aus Marktdaten mit Zusatzinfos,
den ,Experten-Meinungen® :
» eigene Einschatzung der Performance z.B.
+Aktie A wachst um 5%"
~Rendite von Aktie B ist 3% groéRer als die von Aktie C*
» Empfehlungen von Analysten, Ratings, Unternehmensberichte

e Ziele Ubertragung dieses Ansatzes auf dynamische Modelle

Lésung von dynamischen Portfoliooptimierungs-Problemen
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Experten-Meinungen

Modellierung durch markierten Punktprozess | = (Ts,Z5)

XZ2
= xZ1
5 ‘ P
X x
‘ 1 L L 1 L X
T1 T2 T3 T4 T5 TG
@ Zu Zeitpunkten T, beobachtet Investor ZG Z, € Z,

n=1,2,...
@ T,: Sprungzeitpunkte eines Poisson-Prozesses mit Intensitat A > 0
@ Z, abhangig von aktuellen Zustand Y7,, Dichte f(YT,,2)
Beispiele

@ Absolute Vorhersage:

Zn = N(YTN) + 0c€n,

(en) iid. N(0,1)
“S wachst um 5%” — Z,=0.05
o beschreibt Vertrauen/Genauigkeit der Vorhersage

@ Relative Vorhersage (2 Aktien):

Vorhersage

Zn = p1(Y1,) — p2(Y7,) + 0cen
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Maximizing Log-Utility in a Model with Gaussian Drift

@ We consider one stock (n = 1) with
returns dRy = pdt + cdWf
and drift du; = k(@ — p)dt+ 5th'u, Ho ~ N(m(y, 70)

@ N expert opinions arrive at fixedtimes 0 =f) < t; < ... <iy_1 < T.
Views are modeled as Gaussian unbiased estimates Z; of the current drift.

Zy = Pt + vV ke, for i.i.d. E1y...,EN NN(0,1).

'k > 0 describes the confidence of the expert.
@ We distinguish four information regimes for the investor
FR  observing returns only

FE expert opinions only
FC both returns and expert opinions
FF  having full information

@ We have to compute filters it = E[u| Ff]
and conditional variances g}’ = E[(u — t")?|F}'] forH=R,E,C,F.
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Filtering: Returns Only (H = R)

@ For H = R, we are in the classical Kalman filter case and get
dif = w(m — af)dt +o~2qf (dRy —ifdt), fig = mo,
and deterministic conditional variance satisfying the Riccati equation

d )
=0 —2naf —o2(af)", o =m.

For n = 1 we have a closed-form solution for gf'.

@ Fort — oo we have gff — g} = KUZ(W_ 1)

e gff is decreasing ifn > g and

increasing  if g < g7%.
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Filtering: Returns and Expert Opinions (H = C)

@ Between the information dates the filter and the conditional variance evolve
as in regime H = R (Kalman filter).

@ At the information dates f the expert opinion Z ~ N (4, k) leads to a
Bayesian update

iy = prig_+0— o) Z
a9 = ka5
with the factor
—— (0,1
Pk = rkJFth— (0,1)

@ For H = E we get corresponding updating formulas and between the

information dates we can consider the limiting case ¢ = oo in regime H = C.

@ For H = F we have full information and thus if = y; and gf = 0.
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Example: Filter 7t

Returns

— i nadds
—R,

Filter

(=]
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Example: Conditional Variance g}

i ,Ltowf\"'(;_t.tsg/(%)) pto known (19 = 0)
Rt
b5 -
—
1 /17/1 A
WH///// Waadaas
B T L e e T

ltholds  qf < min{qf, qF}
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Asymptotics of Conditional Variance for t — oo

o letT =00
0 gff—»qgfl for t— o
@ For equidistant expert opinions with 'y =T > 0we getfor H=E,C

limsupgf’ = UM and lim inf g’ = LM,
—00

t—o0
where U > L > 0 can be computed explicitly.

—nR
—E

o = o= C

£
o

IF—

v N A A
\

1 1
to t1 12
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Diffusion Approximation for High-Frequency Experts

@ Expert opinions arrive more frequent and become "less confident”:
Let t = kA, with A, =T/n
M«=T=02/Ay=n0o3/T witho, >0
@ Introduce “continuous-time expert” as diffusion process du; = i dt + o, dW¢
@ Regime H = D: observe R and J, Kalman filter 2P and cond. variance g”
@ For n— oo it holds
Ig%"(t) — g°(t)] — 0 uniformly for all t € [0, T]

)
| Eae-ap e — o
\

,10]
q

.50
q
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Optimal Expected Logarithmic Utility

V(x) = sup Eflog X;]
reAH
Already known: for U = Uy = log and information F" the optimal strategy is
=0 2y

;
Therefore, VH(xp) = E[log XF'] = logxo + E[/O (w}" - %(mr;‘)z) dt}

)
09 % + 5.3 / E[@H)?] ot
—_————

E[12] - af

Theorem (Gabih/Kondakji/Sass/W. 2014)

1 T
H 2
4 (XO)zlogXO‘Fﬁ(/o E[/L[]dt—/o a; dt)

where the integrals (in all four cases) can be computed explicitly.

Properties derived for gf’ allow to derive corresponding properties for VH(xo).
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Efficiency

We want to quantify the monetary value of the information.

Investor ‘ F ‘ H (=R,E,C)
Information (observations) FF FH
Initial capital x5 =1 xt
Opt. terminal wealth XE X

How much initial capital x}' needs H to
obtain the same expected utility as F?

Solve VF(1) = VH(x):

xt! exp (# /OT qf dt)

Loss of information  x}' — 1

Efficiency o =1/xf

for (non-fully informed) H-investor .

EMciency o

e
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Efficiency: Numerical Example

Efficiency o™ in % for various numbers N

,QH
R 35.63
N E C

10| 43.49| 4712
100 | 69.94| 70.36
1.000 | 88.37 | 88.39
10.000 | 96.09 | 96.09
100.000 | 98.74 | 98.74
1.000.000 | 99.60 | 99.60
10.000.000 | 99.87 | 99.87

F 100.00

Extension to models with n > 1 assets :

SAsSS, WESTPHAL, W. (2016)
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Power Utility

@ Formulierung als stochastisches Kontrollproblem
Lésung mit Methoden des Dynamic Programming
Analysis und Numerik der Hamilton-Jacobi-Bellman-Gileichung (HJB)

@ FUr zufallige Informationszeitpunkte Ty, To, ... ist
HJB-Gleichung eine partielle Integro-DGL (PIDE)
erfordert numerische Lésung

@ Fr feste Informationszeitpunkte fy, . . ., ty_1
Dynamic Programming Principle liefert eine Rickwartsrekursion

@ HMM — Dissertation STEPHAN SCHUTZE (2016)
LGM — Dissertation HAKAM KONDAKJI (2017+X)

26/26



	Klassisches Portfolio-Optimierungsproblem
	Aufgabenstellung
	Klassisches Black-Scholes Modell
	Nutzenfunktion
	Klassische Optimierungsaufgabe

	Finanzmarktmodelle mit partieller Information
	Finanzmarktmodelle mit partieller Information über die Drift
	Financial Market with Partial Information
	Trading and Portfolio Optimization
	Optimal Strategies in Special Cases
	Drift Models

	Expert Opinions
	Expert Opinions

	Maximizing Log-Utility in a Model with Gaussian Drift 
	Power Utility 

	anm0: 
	0.EndLeft: 
	0.StepLeft: 
	0.PauseLeft: 
	0.PlayLeft: 
	0.PlayPauseLeft: 
	0.PauseRight: 
	0.PlayRight: 
	0.PlayPauseRight: 
	0.StepRight: 
	0.EndRight: 
	0.Minus: 
	0.Reset: 
	0.Plus: 


