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Mathematical modeling of credit risk

Structural approach:
» Default is triggered when the firm's assets fall to some
threshold
» Default barrier can be imposed exogenously or endogenously
» Bond investors know the model inputs and parameters

» Problem: no short-term default risk

Reduced-form approach:

v

Default event is exogenously given

v

Stochastic structure of default is characterized by an intensity
(conditional default rate)

v

Short spread is directly given by the default rate

v

Problem: economic interpretation
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Links between structural and reduced-form approaches

Methods to introduce short-term default risk in a structural model:

» Default barrier is a random variable, e.g.
LANDO (1998) , GIESECKE & GOLDBERG (2008),
HILLAIRET & J1ao (2012)

» Firm’s assets process is partially observed by investors, e.g.
DurFIE & LANDO (2001), LAKNER & LIANG (2008),
JEANBLANC & VALCHEV (2005)
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Model framework

No Default Default

Notation

X total value of the firm's assets

L  threshold level which triggers default
7 (random) time of default

T finite time horizon

Default occurs when the firm’'s assets X fall
to the default threshold (barrier) L for the first time.
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Model framework
No Default Default

Probability space (Q,.4,P)
Filtration F = (Ft)tefo, 7] generated by X
Asset process dXi = Xe(pdt + 0dBy), Xo = xo

where (Bt)¢cpo, 7] is @ F-Brownian motion,

p € R and 0 > 0. We denote m := j — 02/2.
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Model framework
No Default

Default

t i, 15=T o=ty i

Ly = Z?:l Lil[fi—hti)

where L' is a A-measurable random variable

and t;, i =0,...,n, are deterministic time points
suchthat 0= <ty <...th1 < t,=T.

L= (L',...,L") are independent of Fr.

Default barrier
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Model framework

No Default

Default

Default time

Running minimum

«f\/\n‘\/

T = |nf{t Xt < Lt}

M, = inf{X;: s < t}
Mitsy = inf{X,: t <u < s}
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Information structure

Manager's information: GM = (gy)te[o,T]

Progressive enlargement of IF by the default threshold process L
Gl =Fvo(ls,s<t),

cf. BLANCHET-SCALLIET, HILLAIRET & JI1AO (2016)
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Information structure
Manager's information: GY = (GM)cp0, 1]
Progressive enlargement of IF by the default threshold process L
GYM =FiVoa(ls,s<t),
cf. BLANCHET-SCALLIET, HILLAIRET & JI1AO (2016)

S-Investor’s information: G° = (G7)¢epo, 7]

The firm's assets are perfectly observed by a standard investor:
Progressive enlargement of IF by the random time 7

GP = FiVo(Hs, s <t),

where H is the default indicator process defined by Hy = 14> 11.
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Information structure

D-Investor’s information: GP = (G2)sepo. 1]
The firm's assets are only observed at discrete time points
0=To< T1,..., Ty < T:

Progressive enlargement of FP by the random time 7
GP =FPvo(H,, s <t),

where FP = (.F,P)te[O’T] is a sub-filtration of F given by

0 _ | 7o ift< Ty
! o( X1y, XT) if T <t< T
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S-Investor’s information: pricing defaultable claims
A default-contingent claim is characterized by a pair (C, T), where
» T denotes the maturity date and
» C is a Fy-measurable random variable.

The value of a defaultable claim (C, T) for an S-Investor with
progressive information flow G° is given by

R
Vi = EF [t C1{7>T}’gts}

Rt
1{T>t} P R:
=—+ "7 F |— C1 .
P(r > t|Fy) [RT ¢ {T>T}|ff]

where R denotes the F-adapted discount factor process.
Example: C=1, Ry =1 (risk-free interest rate r =0 )

P(T > T|ft)

Vt = ]P(T > T‘gi—s) = 1{T>t}m
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S-Investor's information: survival probability
Let n=2and xg =1,
IP)(T > T|ft)
P(r > T|G?) = Lppon =
(T > ‘gt ) {7‘>t} ]P)('T > t‘]:t)
For t € [to, t1) we have

P(r > T|Fe) = P(L' < My, L2 < My, 1| F)
=P(L' < My, L' < Mg ), L < My, )| Fe)
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S-Investor's information: survival probability
Let n=2and xg =1,
IP)(T > T|ft)

P(r > T\gf) = 1{r>t}m

For t € [to, t1) we have

P(r > T|.7-"t)_/01 /OOO /OlF(min(l\/It, uXe); woXe) ity (W)

ey —e.Xe, (U5 v) dw dv du
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S-Investor's information: survival probability
Let n=2and xg =1,
IP)(T > T|ft)

P(r > T\gf) = 1{r>t}m

For t € [tp, t1) we have
1 00 1
P(r > T|F:) _/ / / F(min(Me, uXe); weXe)fu,_, (w)
o Jo Jo
e, —e.X (U5 v) dw dv du,

where
» F(¢1;¢3) - joint distribution function of L = (L', L?)
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S-Investor's information: survival probability
Let n=2and x5 = 1,

IP)(T > T|ft)

P TIG) = 1o~

(T > ‘gt ) {7‘>t} P(T > t‘Ft)

For t € [tp, t1) we have

1 00 1
P(r > T|F:) = / / / F(min(My, uXy); WVXt)fMTitl(W)
0 0 0
Xy (U, v)dwdvdu,

where
> fm, x,(u, v) - joint density function of (M, X;)
2vm/*Ln(v/u?) _md i)
_ = L
fMt:Xt(”? V) = 0'3\/Et3/2u e 20°¢e 202t

forue (0,1 and u<v
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S-Investor's information: survival probability
Let n=2and xg =1,
IP)(T > T|ft)

P(r > T\gf) = 1{r>t}m

For t € [tp, t1) we have
1 00 1
P(r > T|F:) = / / / F(min(My, uXy); WVXt)fMTitl(W)
0 0 0
e, —e.X (U5 v) dw dv du,

where
» fu,(w) - density function of M;

1 mt—nw\ o gmtE [ nw
fm,(w) = | + z
I\/l( ) O'W\/E(p< \/E ) ow tSO \/E
+

|
+2Ine2mln;v¢<mt no'>,
wo Vit
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S-Investor's information: survival probability
Let n=2and xg =1,
IP)(T > T|ft)

P(r > T‘gf) = 1{r>t}m

For t € [tp, t1) we have
1 00 1
P(r > T|F:) = / / / F(min(My, uXy); WVXt)fMTitl(W)
o Jo Jo
ey —e.Xe, (U5 v) dw dv du
and
P(r > t|F:) = P(LY < M| Fy) = Fa(My),

where F;1(x) denotes the distribution function of L!.
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S-Investor's information: survival probability

Let n=2and xg =1,

IP)(T > T|Ft)

P(r > T|G?) = 1{7>t}m

For t € [t1, T) we have

]P(T > T‘]:t)

P(LY < My, L2 < Mgy 7| Fe)

P(L' < My, L2 < My, 4y, L2 < My 7| Fe)
1
F(Mtl; min(M[tl,T)v WXt))fMT—t(W) dW

0
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S-Investor's information: survival probability

Let n=2and xp =1,

IP)(T > T|Ft)

P(T > T‘gf) = 1{T>t}m

For t € [t1, T) we have
P(r > T|Fe) = P(L' < My, L2 < My, 1), L2 < Mpe, 7| Fe)
1
:/ F(Mtl;min(/\/I[tl,T),WXt))fMT_t(W)dW
0

and

P(r > t|F) = P(L' < My, 12 < My, | Fe) = F(Me; Mgy o))
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D-Investor’s information: pricing defaultable claims

The value of a default-contingent claim (C, T) for an D-Investor
with information flow GP is given by

R
VtD = EP [R;— C1{7>T}’gtD}

1{T>t} R
=720 [P Cly, Fi
P(r > t|FP) [R tr>T)l ]
where R denotes the F-adapted discount factor process.
Example: C=1, Ry =1 (risk-free interest rate r =0 )

P(r > T|FP)

VtD = ]P)(T > T|gt ) 1{T>t}m
t
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D-Investor’s information: survival probability

Let n=2 and xg = 1, then P(7 > T|GP) = 1{T>t}1[§1;((:>>77t—\|§§))'

For t € [to, tl), t e [T,', TiJrl) and t; =: 7} > Tiy1 we have

IP(T > T‘FtD) = IPJ(Ll < Mt17 L2 < M[tl,T)’flP)
= P(L' < My, LY < Mgy, L2 < M, 1y|FP)
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D-Investor’s information: survival probability

Let n=2 and xg = 1, then P(7 > T|GP) = 1{T>t}1[§1;((:>>77t—\|§§))'

For t € [to, tl), t e [T,', TiJr]_) and t; =: 7} > Tiy1 we have

P(r > T\f?):/ljo/l
0 0 O

fMT—tl(W)fMtl—T,-ath—T,-(u7 v)dlydly dwdvdu

X

uXTt, wvXT,

i i

/ P(MT'. > €1|XT1, ...,XTi)f(fl; fz)
0

o
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D-Investor’s information: survival probability

Let n=2 and xg = 1, then P(7 > T|GP) = 1{T>t}1[§1;((77>>77t—\|§§))'

For t € [to, tl), t e [T,', TiJr]_) and t; =: 7} > Tiy1 we have

P(r > T\f?):/ljo/l
0 0 O

fMT—tl(W)fMtl—T,-ath—T,-(u7 v)dlydly dwdvdu

X

uXTt, wvXT,

i i

0

o

where f(1;£>) denotes the joint density function of L = (L}, L?);
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D-Investor’s information: survival probability

Let n=2 and xg = 1, then P(7 > T|GP) = 1{T>t}1[§1;((77>>77t—\|§§))'

For t € [to, tl), t e [T,', TiJr]_) and t; =: 7} > Tiy1 we have

P(r > T\f?):/ljo/l
0 0 O

fMT—tl(W)fMtl—T,-ath—T,-(u7 v)dlydly dwdvdu

X

uXTt, wvXT,

i i

/[P’(/VITI. > gﬂXTl,...,XTi)f(fl;fg)
0

o

where

P(Mr, > 01| X7y, ., X7) = [ [ Ki(ta), €1 < min{X7,,..., X7}
j=1

and
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D-Investor’s information: survival probability

Let n=2 and xg = 1, then P(7 > T|GP) = 1{T>t}1[§1;((:>>77t—\|§§))'

For t € [to, tl), t e [T,', TiJr]_) and t; =: 7} > Tiy1 we have

[o(t
IP)(T > t|]:tD) = /\U ()('1/” t— T,') P(MT'. > €1|XT1, -~-aXT,-)
O 1
fi, (1) dly,

where f;,(¢1) denotes the density function of L!;
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D-Investor’s information: survival probability

Let n=2 and xg = 1, then P(7 > T|GP) = 1{T>t}1[§1;((77>>77t—\|§§))'

For t € [to, tl), t e [T,', TiJr]_) and t; =: 7} > Tiy1 we have

[e.e]

l
P(T > t’]:tD) = /\U (1, t— T,‘)P(MTI. > €1|XT1,...,XTI.)
0
fr, (€1) dly,

where for z<1land t >0

V(z,t) =P(M; > z)

@ mt — @ 2m|og(z)gZS mt + @
= \/E € \/E )

V(z,t)=0fort >0, z>1and V(z,0) =1 for z < 1.
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D-Investor’s information: survival probability
D
Let n =2 and xg = 1, then P(7 > T|GP) = 1{T>t}%
For t € [t1,T), t € [T;, Tiy1) and t; =: T; > T; we have

o0

P(r > T|FP) =

o

/P(MTJ >/, M[TJ-,T,') > éQ‘XTl, e XT,-)
0
%)
v T — T; ) f(l1;£2) dl2déy,
X7,
where for /1 < min {X7,,..., X7} and £ < min{X7,,..., X7;}
]P)(MTJ > {, M[TJ',TI') > £2|XT1, - 7XT,-) :Kl(el) e Kj(fl)
Kiti(l2) - ... Ki(£2),

where

0 oo (oo () ()
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Numerical results

Parameters
» Two time periods: 0=ty <t =1<th=2=T,
> Asset process: i = 0.05, 0 =0.8 and xp = 1;

» Default barrier: L' and L? are independent
exponentially distributed with A\; = 1.5 and Ap = 1.
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Value process of a defaultable bond with zero recovery

Disc

© 4 N w & 0 ® N ® ©

ount factor process: Ry = e, r = 0.01

Ve = e "T-9 P(r > T|G?)
]P)(T > T|]:t)

—r(T—
=T 0 SR

Figure: No default during [0,2], L} = 0.8, L2 =1.2
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Value process of a defaultable bond with zero recovery
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Value process of a defaultable bond with zero recovery
Discount factor process: R; = e, r = 0.01
VP = e (T p(7 > T|GP)

P(r > T|FP)
P(r > t|FP)

Figure: No default during [0,2], ['=08,12=12
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Value process of a defaultable bond with zero recovery
Discount factor process: R; = e, r = 0.01

Ve =e "7 P(r > T|G7)

]P(T > T|]:t)

_HT—
= e ( t) 1{T>t}7]P)(T > t|ft)

Figure: Default during [1,2], L' = 0.8, [2 = 1.2
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Value process of a defaultable bond with zero recovery
Discount factor process: R; = e, r = 0.01

VP =e T P(7 > T|GP)

P(r > T|FP)
P(r > t|FP)
Figure: Default during [1,2], 11=08,12=12
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