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Zusammenfassung

In dieser Arbeit studieren wir Funktionenrdume mit variabler Glattheit. Diese
sollen Funktionen klassifizieren, die unterschiedliches Glattheitsverhalten in ver-
schiedenen Gebieten oder einzelnen Punkten besitzen, zum Beispiel Funktionen
mit lokalen Singularitaten. Auch spezielle Differentialoperatoren mit Entartun-
gen, beispielsweise auf dem Rand eines Gebietes, bendtigen fiir die mogliche Ent-
wicklung einer Losungstheorie Funktionenraume, die diese Entartungen reflek-
tieren. Ein Vorlaufer solcher Raume vom Sobolev-Typ kann durch die Norm

W3 (R[] + [0z )ul Wy (R™)

mit m > m’ und einer glatten Funktion o(z), die auf einem Gebiet Q ver-
schwindet, charakterisiert werden. Hier wird von der Funktion u global die
Glattheit m’ gefordert, jedoch auerhalb von 2 sogar die Glattheit m. In einem
allgemeineren Kontext konnen solche Raume mittels spezieller Pseudodifferen-
tialoperatoren beschrieben werden. Ein solcher Pseudodifferentialoperator hat
die Form

Al Dy)ulz) = (2m)" / ¢ a(z, €)a(€)de,

wobei u die Fouriertransformierte von « und a(z,§) das sogenannte Symbol von
A bezeichnet. Als Beispiel kann man a(z, &) = (£)°® betrachten, wobei o(x) eine
reellwertige Funktion aus S(R™) ist, die man als variable Glattheit interpretieren
kann. Operatoren dieses Typs und die zugehorigen Funktionenrdume W3 (R™)
mit der Norm

lul Ly || + | A* (2, Do )ulLy |

wurden zum Beispiel von Unterberger und Bokobza in [30],[31], Visik und Es-
kin in [32],[33], Volevic und Kagan in [34] oder Beauzamy in [2] zwischen 1965
und 1972 sowie eine verallgemeinerte Klasse von Pseudodifferentialoperatoren
von Beals 1981 in [1] betrachtet. Fast alle in diesen Arbeiten auftauchenden
Funktionenraume sind vom Sobolev- oder Besselpotential-Typ. Besov-Raume
mit variabler Glattheit wurden zuerst von Leopold 1987 in [13] definiert. Seine
Definition der Rdume B¢ (R") mit der Norm

oo 1/q
|ulByg(R™)[| = <Z 27|t (, Dx)UILqu)

J=0

basiert auf einer Zerlegung {¢§(z,§)}32, von R} x RE, die von Symbolen a(z, £)
geeigneter Pseudodifferentialoperatoren einer bestimmten Klasse erzeugt wird.
In den folgenden Jahren veroffentlichte Leopold mehrere Arbeiten zu diesen
Réumen, vergleiche [14], [15] und [16], in denen er beispielsweise den Zusam-
menhang

(LP(R”), Wia(Rn)) 0,4 ng,a(Rn)



bewies. In [13] ist auch eine Charakterisierung von B¢ (R™) mittels Differenzen
mit variabler Schrittweite enthalten. Dies war der Ausgangspunkt fiir Besov,
um Funktionenraume mit variabler Glattheit mit Hilfe verschiedener gewichteter
Differenzen zu beschreiben, vergleiche (3], [4] und [5]. Es zeigte sich, dass dieser
Zugang dieselben Raume By¢(R") lieferte. Auch eine andere Klasse von Funk-
tionenrdumen weist Verbindungen zu diesen Rdumen auf. Die Einbettung

Wg(m)(R") C Ly (R"), wenn 1 < p < il;lf q(z) und irxlf(s(x) +n/q(x)) >n/p,

wobei W7 (R") ein Spezialfall der Riume W e(R") ist, vergleiche [16], liefert
einen interessanten Zusammenhang zwischen den Raumen mit variabler Glattheit
und den Raumen L) mit variabler Integrabilitat. Diese Raume wurden zum
Beispiel von Kovacik und Rakosnik 1991 in [12] oder spéter von Samko studiert,
vergleiche [20] fiir Details und mehr Referenzen.

Aktuelles Interesse an Funktionenraumen mit variabler Glattheit gibt es auch
aus einer anderen Richtung. Lokale Informationen iiber das Glattheitsverhalten
von Funktionen lassen sich mittels Wavelet-Zerlegungen gewinnen. Eine beliebige
Funktion f aus einem Besov-Raum kann als

fx) =Y NNV 2z —m)
l

5J,1

geschrieben werden, wobei W' fixierte Funktionen mit kompaktem Triger und
)xgm( f) von f abhéngige komplexe Zahlen sind. Auf diesem Weg werden die
sogenannten mikrolokalen Riaume C** (2°) dadurch charakterisiert, dass man

l —js i 01\ —s’
[N ()] < c277%(1 + |m — 2727)

fir alle j € Ng, m € Z" und 1 <[ < L € N fordert. Diese Charakterisierung
wurde von Jaffard und Meyer in [11] gegeben, wo diese Radume untersucht wur-
den. Die Ridume C**'(2°) beschreiben das Glattheitsverhalten in einem Punkt
2% € R™ und seiner Umgebung und sind speziell auf die Untersuchung isolierter
Singularitdten zugeschnitten, vergleiche [11].

In dieser Arbeit werden wir einen anderen Zugang verfolgen und gehen dabei
folgendermaflen vor.

In Abschnitt 2 wiederholen wir grundlegende Definitionen, legen die Notation
fest und stellen bekannte Resultate bereit, die wir im Weiteren verwenden.

Die Funktionenriume mit variabler Glattheit By* (R"), wobei die Glattheit durch
eine Funktion S : z — s(z) bestimmt wird und s, € R die globale Mindest-
glattheit bezeichnet, definieren wir in Abschnitt 3, zeigen, dass es sich um einen
Banachraum handelt und geben einige Grundeigenschaften an. Dann beweisen
wir eine dquivalente Norm und mittels dieser konnen wir klassische Aussagen iiber
punktweise Multiplikatoren und Einbettungen in Besov-Raumen fiir die Raume
BS*(R") verallgemeinern.



In den Abschnitten 4 und 5 beschaftigen wir uns mit verschiedenen Wavelet-
Zerlegungen. Dabei gehen wir jeweils von bestimmten Zerlegungen aus, die von
Triebel in [28] und [29] behandelt wurden, und treffen Aussagen tiber lokales Ver-
halten von Funktionen mittels dieser Wavelet-Techniken. Dabei beweisen wir die
entscheidenden Hilfsmittel fiir Abschnitt 6.

In diesem Abschnitt formulieren wir unsere Hauptresultate, die zeigen, dass sich
die Réume By*°(R") durch spezielle Folgenraumnormen von Waveletkoeffizien-
ten charakterisieren lassen. Das bedeutet, die Kenntnis der Waveletkoeffizien-
ten einer Funktion f gibt Aufschluss tiber das lokale Glattheitsverhalten von f.
Dieser Zusammenhang ist der Schliissel fiir die weiteren Untersuchungen. In Ab-
schnitt 6.3 beweisen wir auf diesem Weg, dass die schon erwahnten mikrolokalen
Riume C** (2°) in einem gewissen Sinn mit B (R™) zusammenfallen, falls

5@)_{ s 0 oo=af

s+ s : sonst

und sg < 1/p gilt.

Im letzten Abschnitt benutzen wir die Charakterisierungen aus Abschnitt 6, um
spezielle Probleme zu behandeln. Zum einen zeigen wir, dass die Einbettungen
aus Abschnitt 3 scharf sind, und zum anderen geben wir eine Teilantwort auf die
folgende interessante Frage: Ist es moglich fiir ein vorgegebenes Glattheitsverhal-
ten s(x) eine Funktion f zu konstruieren, die genau dieses Verhalten aufweist?
Fiir ein spezielles s(z) geben wir eine explizite Konstruktion fiir eine solche Funk-
tion f an.



1 Introduction

We study function spaces with varying smoothness. These spaces are supposed
to classify functions with different smoothness behavior in different domains or
points, for example functions with local singularities. Also special differential
operators with degenerations, for instance at the boundary of a domain, require
function spaces that reflect these degenerations. A forerunner of such spaces, of
Sobolev-type, can be characterized by the norm

W™ (R + [lo(w)ul Wy (R™)]|

with m > m’ and a smooth funktion g(x) that vanishes on a domain 2. Here the
function u has to satisfy the smoothness degree m’ globaly, but outside of {2 even
the degree m. From a more general point of view, such spaces can be described
by using special pseudodifferential operators. Such operators are defined by

Az, D,)u(z) = (2m)" / ¢a(z, €)a(€)de,

where u denotes the Fourier transform of u and a(x, &) is the so-called symbol of
A. As an example, one can study the case a(z, &) = (£)7), where o(z) is a real
valued function belonging to S(R™) that can be interpreted as varying smooth-
ness. Operators of this type and the corresponding function spaces Wf’“(R”)
with the norm

lul Ly || + 1 A* (2, Do )ulLy |

have been studied, for example, by Unterberger and Bokobza in [30],[31], Visik
and Eskin in [32],[33], Volevic and Kagan in [34] or Beauzamy in [2] between
1965 and 1972 as well as a more general class of pseudodifferential operators by
Beals 1981 in [1]. Almost all function spaces that appeared in these papers were
of Sobolev- or Besselpotential-type. Besov spaces with varying smoothness were
first defined by Leopold 1987 in [13]. His definition of the spaces By¢(R™) with
the norm

00 1/q

[ul Byg (R™)[| = <Z 27| (, DI)UILpIIq)
j=0

is based on a resolution {¢f(x,§)}52, of Ry x R, that is induced by symbols

a(x, &) of suitable pseudodifferential operators belonging to a certain class. There-

after, Leopold published several papers concerning these spaces, see [14], [15] and
[16], in which, for instance, he proved the relation

((R), W (), = BES"(R").

His dissertation [13] also contains a characterization of By¢(R") in terms of dif-
ferences with variable steps. That was the starting point from which Besov

8



described function spaces of varying smoothness by means of differently weighted
differences, see [3], [4] and [5]. It turned out that this approach produced the same
spaces By (R"). There is another class of function spaces having connections to
these spaces. The embedding

Wy (R™) C Ly (R"), if 1 < p < infg(z) and inf(s(z) +n/q(z)) > n/p,

where W7 (R™) is a special case of spaces W, *(R"), see [16], gives an interesting
relation between the spaces with varying smoothness and the spaces Lg(,) with
varying integrability. These spaces have been studied, for example, by Kovacik
and Rakosnik 1991 in [12] or later on by Samko, see [20] for details and more
references.

There is also current interest on function spaces with varying smoothness from
another point of view. It is possible to get local information about the smoothness
behavior of a function by using wavelet techniques. An arbitrary function f
belonging to a Besov space can be written as

fx) =) N (D (@x —m),

2Jsm

where U! are fixed funktions with compact support and )\ém( f) are complex

numbers depending on f. In this way the so-called two-microlocal spaces C**' (2°)
can be characterized by demanding

l —Jjs .01\ —s’
Ajm (NI < 2772 (1 + |[m — 2727))

for all 7 € Ng, m € Z™ and 1 <[ < L € N. This characterization was given by
Jaffard and Meyer in [11], where these spaces were studied. The spaces C** (2°)
describe the smoothness behavior at a point 2° € R" and its neighborhood. They
are preferrently used for consideration of local singularities, see [11].

We choose a different approach for our investigations. The plan of this work is
the following.

We start by recalling basic definitions in section 2. Thereafter, we fix the notation
and collect some known results that we will use in the sequel.

In section 3, we define function spaces of varying smoothness BE’SO (R™), where
the function S : z +— s(x) determines the smoothness pointwise and sy € R is
the global smoothness parameter. Then we prove that this space is a Banach
space and give some basic properties. After that we provide an equivalent norm
in BE’SO (R™), which enables us to generalize classical assertions about pointwise
multipliers and embeddings in Besov spaces for the spaces of varying smoothness.
In the sections 4 and 5 we study different wavelet decompositions. The starting
points are decompositions that have been treated by Triebel in [28] and [29]. We
prove some assertions concerning local behavior of functions using these wavelet
techniques and provide the main tools for section 6.



In this section we formulate our main results. That is to say, we characterize the
spaces BE’SU (R™) by using special sequence space norms of wavelet coefficients.
That means, that the knowledge about the wavelet coefficients of a function f
gives information about the local smoothness behavior of f. This relation is the
key for our further investigaions. Using it, we prove in section 6.3 that the two-
microlocal spaces C** (2°) mentioned above are in some sense equal to B3 (R™),
if

s(z) = s x = a0
| s+s : otherwise

and sy < 1/p hold.

In the last section we use the characterizations from section 6 to treat specific
problems. As the first problem, we show that the embeddings from section 3 are
optimal. The second problem concerns the following interesting question: Given
smoothness behavior s(x), is it possible to construct a function f that satisties
this behavior exactly? We give a partial answer by explicitely constructing such
a function for a special chosen s(x).

10



2 Preliminaries

In this section we provide all definitions, results and the notation that we shall
use in the sequel. For the proofs, the references will be given. In the first part we
consider function spaces on R™ and recall some results that we need as important
tools throughout the work. The same is done in the second part of this section
for spaces on domains.

2.1 Function Spaces on R"

We start by briefly recalling the definition of Besov spaces on R"™. We follow the
Fourier-analytical approach.
Let ¢ € S(R™) with

wo(z) =1if || <1 and o(z) =0if |[x] > 3/2. (2.1)

We put '
p(r) = o(r) —po(2r) and  p;(x) = ¢(27x) (2.2)
for j € N. Then

Z%’(l‘) =1

and (p;)52, is called a dyadic resolution of unity in R”. We denote by & the
Fourier transform of ¢, and by ¢, its inverse Fourier transform.

Definition 2.1 Let 0 < p < oo, s € R and (p;)32, be the above resolution of
unity. Then

o0

1/p
ByR") = ¢ feS' R [[fIBR")] = (Z 2jsp||(90jf)V|Lp(R”)|lp> <00

5=0
with the usual modification for p = oo.

This is the well-known definition of ordinary Besov spaces By  (R") for the special
case p = q. These spaces have been introduced by O.V. Besov in 1959/60 for
s>0,1<p<ooand 1 <q < oo in terms of derivatives and differences. The
Fourier analytical characterization is due to J. Peetre 1967, and was extended to
the full range for s and p in 1973 also by J. Peetre. There are many books and
papers dealing with these spaces, we refer to [22] for a detailed description of the
properties of B;’q(R") and a list of references. Later we shall give some properties
of the Besov spaces explicitely, but only those we need for our purpose. Here we
remark that the so-defined spaces are quasi-Banach spaces (Banach spaces for
1 < p < 00) that are independent of the given resolution of unity (y;)3,.

11



Another space for which we give the definition here is the so-called Holder-
Zygmund space C*(R™), first introduced by Zygmund 1945 as a generalization
of the Holder spaces. For a function f € L,(R") we define the well-known differ-
ences by

ALf(x) = f(z+h) = f(z) and A f(a) = AL(ALf(2))
for k € N and z,h € R".

Definition 2.2 Let s > 0 and k € N with k > s, then
C*(R") ={f € CR") : [[f|C*(R™)]| < oo},

where
[FIC* R = [l FICR™)]| + sup |h| =2 | AL f ()]

0<|h|<1

Here the space C'(R") is the usually normed space of bounded, uniformly con-
tinuous functions. The space C*(R™) fits in the scale of the Besov spaces in the
following way

C*(R™) = B (R")  for s > 0.

Now, we list the properties of the Besov spaces for which we shall prove coun-
terparts for the spaces of varying smoothness in the corresponding sections. We
start to recall a result concerning pointwise multipliers where we need both the
Besov spaces and the Hélder-Zygmund spaces defined above. For the proof we
refer to Theorem 2.8.2. and the following Corollary in [22].

Theorem 2.1 Let 0 <p < o0, s € R and

0 > max (s,n(@—l) —3).

Then every g € C2(R") is a multiplier for By(R™). In other words, f — gf yields
a bounded linear mapping from B;(R") into itself, and there exists a positive
constant ¢ such that

lgf1B,(R*)[| < cllglce®™)] | £1B,(R™)]
holds for all g € C¢(R") and all f € B;(R").

Of course, pointwise multiplication in general must be interpreted in the distri-
butional sense, see 2.8.1. in [22]. The next assertion concerns embeddings bet-
ween Besov spaces with different metrics.

12



Theorem 2.2 Let 0 < p; < py <00 and —o00 < 5o < s1 < 00. Then

. . n n
B (R™) C B2(R™)  if and only if 51— — > 53— —.
D1 P2

The proof is covered by Theorem 2.2.3 in [19]. The following Theorem gives
different equivalent norms for the Besov spaces and is related to the mapping
property of the operator I — A, where I denotes the Identity and

is the Laplacian. For a real number o the operator (I — A)? is defined by
(I =AY f=((A+[aP) )Y for feS®RY.

Theorem 2.3 Let —0o < s <oo,meN, 0 <p<ooandt <s. Ifo € R
then (I — A)? maps B3(R™) isomorphically onto By~*?(R") and the following
ETPTESSIONS

(I = A) fIBy > (RM)]], (2.3)
> D f1B ™R, (2.4)
laf<m
and ||fIBy(R")|[+ > | D*f|By™(R™)| (2.5)
laf=m

are equivalent quasi-norms in By(R™).

The formulas (2.3) and (2.4) are given by Theorem 2.3.8.(i) in [22]. As in the
proof given there, one can use Fourier Multipliers to prove the equivalent norm
(2.5).

The last two assertions we want to recall in this subsection concern dilation
properties of the Besov spaces.

Proposition 2.1 Let 0 < p < oo and s < 0. Then there exists a constant ¢ > 0
such that for all X € (0,1],

LF OB R < eX*"P||f|ByR")||  for all f € By(R").

Proposition 2.2 Let 0 < p < 0o and oo > s > max(0,n(1/p — 1)). Then there
exists a constant ¢ > 0 such that for all X € (0,1],

IFTIB R < eX™ | fIBY R for all f € By(R").

These two propositions can be found in [8], 2.3.1, but the second one already
appeared in [22], 3.4.1.

13



2.2 Function Spaces on Domains

To define the Besov spaces on domains we follow the usual procedure of re-
striction. Although it is possible to work with much more general domains, we
consider only bounded domains in R™ with smooth boundaries because later on
we shall work with balls only.

Definition 2.3 Let Q be a domain in R", 0 < p < oo and s € R, then
By(Q) ={f € S'(R") : there exists g € By(R") with g|Q = f} (2.6)

with
| £1B,(Q2)[| = inf [|g| B, (R")],

where the Infimum is taken over all g in the sense of (2.6).

Now, we list the counterparts of the corresponding properties of B;(R") for the
spaces on ).

Theorem 2.4 Let 0 <p < o0, s € R and

o> max (s 1) <),

Then every g € C4(R2) is a multiplier for B;(S2). In other words, f — gf yields a
bounded linear mapping from B, (§2) into itself and there exists a positive constant
¢ such that

lg 1B < cllglce() {18, ()]
holds for all g € C°(Q2) and all f € B5(9).

We refer to 3.3.2. in [22].

Theorem 2.5 Let 0 < p1,ps < o0 and —00 < s9 < 51 < 00. Then
. , n n
B (Q) C B2(Q)  ifand only if  s1—— > s — —.
b1 P2
The proof is covered by 2.4.4 in [19].

Theorem 2.6 Let —oc0o < s < oo, m €N, 0 < p < oo and ™ < s. Then the
following expressions

> DB @)l (2.7)

la|<m

IFIB @)+ D 1D f1B; ™)l (2.8)
|a|=m

are equivalent quasi-norms in By (€2).

14



Formula (2.7) is given by Theorem 3.3.5. in [22]. Formula (2.8) can be proved
indirectly. We sketch the method here. First one proves, that

1B ()l + Y 1D 1B () (2.9)

laj=m

is an equivalent quasi-norm in B,(€2) by using (2.7). One side of the desired
estimate is obvious. To prove the other direction we assume the converse, that is
to say there exists a sequence (f;)32, such that

L= DB @) = 5 (1518 @+ 3 1D 1By ™ (@)])

|a)l=m

holds for 0 < |a| < m. Because Bj(Q) is compactly embedded into B~ () we
find that the sequence (f;)32; converges in both spaces to a function f. The norm
of f in B;fl(Q) is greater or equal to one, because of our assumption. On the
other hand the norm of f; in B,~™(€2) tends to zero as j tends to infinity. That
is a contradiction which proves the desired direction. Finally, to obtain formula
(2.8) from (2.9) one has to follow a very similar idea.

In all the assertions stated so far, constants appeared that may depend on €2 in
different ways. As we will see in section 3, we need to control these dependencies
of the constants on 2. As already mentioned we shall work with balls, typically
they are centered in a point z € R™ and have the radius 27% for a natural number
K. By an easy translation argument the point z does not influence the constants
at all. Therefore we are interested in the influence of K. A very important
property of Besov spaces on domains in this sense is the so-called homogeneity
property. We denote by B, , the ball with radius r > 0 centered in z € R". In
the case z = 0 we omit it and write only B,.

Proposition 2.3 Let 1 <p<oo, —co<s<1/pand 0 < X <1, then
LFOBy (B ~ X "2|[ f1B5 (B (2.10)
where the equivalence constants are independent of f and .

For the proof we refer to 3.9(iii) in [25]. Because we will use it very intensively
throughout the work, we add a short discussion about this remarkable property.
Discussion: Let 0 > s, > s; and 1 < p < oco. Putting A = 27% we have by
formula (2.10)

2R FIBsH (B )|~ [[£(275)|B3H(By)
< | f (275 B2(By)||
~ 9—K(s2=n/p) 1 f| B3 (By-x)||

15



and, hence,
1F1B; (By-xc)|| < e27 K270 £ B2 (Byxc )|, (2.11)

or

2K =0 || £ BEH (By-rc) || < 27K 720)|| £| B2 (By-c) |, (2.12)

for a real number sy where the constant ¢ is independent of f and K. These
estimates reflect a rather typical situation for our work, and show how to control
the dependence of the constants on K. That is to say, first we shift the problem
to the ball B, ;, then we use known results for Besov spaces on domains and
finally shift back to B, 5-x. Unfortunately this strategy is obviously restricted to
s < 1/p, but one direction of (2.10) can be generalized without any restriction
for s € R.

Proposition 2.4 Let1 <p<oo,se€R and 0 <\ <1, then
1F OB (B1)|| = eX*™7|| f|By(BA), (2.13)
where the equivalence constants are independent of f and .

For s > 0 this is an easy consequence of Definition 2.3 and Proposition 2.2. The
only case not yet covered is s = 0 and p = oo. But, in that case, we can prove it
directly with the same idea as was used in the proof of Proposition 1, 3.4.1.; in
[22]. In any case, the first step of the above strategy can be maintained for all s.
In 3.2 we will describe how to maintain also the last step.

In section 3 it will become clear that the dependence of the constants on the
smoothness parameter s, which depends on x and K, must be controlled for all
the previous estimates too. In some cases this can be done directly by observing
the constants appearing in the original proofs, for which the references were given.
But in most cases we can use interpolation arguments to ensure that if s; < s < s
for two real numbers si, So then the constants can be chosen independent of s.

Remark 2.1 From now on we denote by the symbol ¢ all kinds of real numbers
with different dependencies, but they are always meant to be independent of f, x
and K.

16



3 The space B)*(R")

We start this section by roughly describing our motivation. Suppose we have been
given two functions fi, fo with the following properties. Let f; have a singularity
at a point 2° € R" such that f; € B;(R") for some p and s but f; ¢ By (R")
for any € > 0. In all points z # 2% let f; be a smooth function. Now let f,
have many singularities of the above type. Then both functions belong to the
same Besov space even though f; is much smoother than f; in the sense that
f1 € C®°(R™\ Up) for every neighorhood U,o of z°. Our aim is to construct a
scale of function spaces with which we are able to distinguish between f; and fs
for example, which means that such a space should reflect pointwise smoothness
behavior of its elements. In this section we give the definition of this scale of
spaces, prove some basic properties and look at an example.

3.1 Definition and basic assertions

To take pointwise smoothness behavior into account, we need a function that
gives for every z € R" a smoothness value s(z). Such a function should somehow
represent the typical situation, where pointwise jumps to lower smoothness levels
are allowed. The definition for the appropriate class reads as follows.

Definition 3.1 A real-valued function S : x +— s(x) on R™ is called lower semi-
continuous, if for anyt € R

QG ={zeR":s(z) >t}
1S an open set.

It is easy to verify that such a function has the following property.

A real valued-function S : z — s(z) on R" is lower semi-continuous if, and only

if, for any 2° € R™ and any ¢ > 0 there is a number 7 = 7(2°,€) > 0 such that
inf s(z) <s(2) <e+ inf s(w), (3.1)

|lz—z0|<T |lz—z0|<T
see also in [10] (p.242).

Remark 3.1 In the following we will use bounded lower semi-continuous func-
tions S, that means

—00 < Smin = Inf s(y) < s(x) < sup $(Y) = Smax < 0. (3.2)
yER™ yERn
We put
SKaz = inf  s(y)

ly—a| <2 K+2

for x € R™ and K € N, which may increase in K for a fixed x. The reason why
the radius that influences sk, is chosen as 27542 we shall explain in 4.1.3. Now
we define the main object of our work, the space By (R").
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Definition 3.2 Let 1 < p < oo and let S be a bounded lower semi-continuous
function in R™ with Sywim > So for a real number sq. Then

BI(R") = {f € S'(R") : || f|BS* (R")]| < 0o},
where

1£1By (RY)[| = | f1B3*(R™)|| + sup sup 2~ K0 f| B (B, )| (3.3)

zeR™ KeEN

First we note that the supremum in the above norm is taken over x and K
where the smoothness parameter and the balls depend on these numbers. That
is the reason for the discussion and the considerations about the constants in the
Preliminaries. Let us describe what happens in the norm. The first term checks
the global smoothness of a given function f, where the supremum term concerns
local improvements by the following procedure. For a fixed point x € R" we
consider a ball centered in x with radius 27 and ask if f belongs to the Besov
space with smoothness sk, > so in this ball. Now we increase K and therefore
shrink the ball around x and ask the same question again with respect to a
possibly higher degree of smoothness. We continue this procedure for all K, then
all z, and finally check if the supremum over all these norms multiplied by the
weight factor 27K(sx.2=50) ig finite. The question arises: why we use this specific
weight? Looking at (2.11) we see that this factor appears in a natural way when
we compare different smoothness levels.

In the sequel we formulate some basic properties of these spaces.

Theorem 3.1 Let 1 < p < oo and let S be a bounded lower semi-continuous
function in R". Then By*(R") is a Banach space.

Proof Obviously BIS}SO (R™) is a normed space. We prove the completeness. Let
{fi}s2, be a Cauchy sequence in BE’SO (R™). Then it is also a Cauchy sequence in
B*(R"). Because B,;°(R") is a complete space, it contains a function f with

If = AlB(R™)|| — 0 for | — oo. (3.4)
It is sufficient to prove that
If = flBy* (R™)|| — 0 for | — oo, (3.5)

because then f € BS*(R") and therefore By*°(R") would be complete. Because
of (3.4) in order to prove (3.5) it is even enough to show that

sup sup 2~ Kre=s0)|| ¢ _ fil By (Byo-x)|| — 0 for [ — oo. (3.6)
2eR™ KEN
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Let € > 0 be given, then for fixed z, K we have by triangle inequality

9—K(sK,2—50) Hf _ fl|B;K,a:<Bm72_K>||
<l fn = AIBY(RY)|| 4 27 KR f — [ By<r (Byp-x) ||, (3.7)

where the first term is smaller than /2 for I,m > ly(¢/2) because {f;}°, is a
Cauchy sequence in By*°(R™). But that also means {f;}72, is a Cauchy sequence
in B;K"”(ijg_x). This space is complete and, therefore, contains a function g,
with

ng,K - fm|B;K’I (Bw,2*K)H <

Because the limit element is unique, the restriction of f to B, -« is equal to
gz x- Looking at (3.7) we see that

for m > my(e/2,z, K).

o™

9 Klska=s0)|| f — JIIBsE# (B, g-xc)|| <& for 1> 1o(g/2),

which also proves (3.6), because |y was chosen independent of x and K.

The next property follows directly from the Definition of BE’SO (R™).
Proposition 3.1 Let 1 < p < oo and let S be a bounded lower semi-continuous
function in R™ with Sy > So > s1. Then

S,s n s n S,s n S,s1 n
BS®(R") C BL(R") and B>*(R") C B (R").

Now we discuss an example that we treat later again.

Example 3.1 Let § be the Dirac-distribution, defined by

() = ¢(0)  forp € S(R")
and let S : x — s(x) be a bounded lower semi-continuous function in R™ with

s(0) <n/p—mn. Then
§ € BY*(R").

Proof We use standard arguments for the first term of (3.3) and get

0o 1/p
|08, (R™)|| = (Z 27507 (,;6)" | Lp(R™) Hp>
=0
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o0 1/p
~ (sz&opzﬂm’”>HsoV|Lp<R">up>

7=0

s 1/p
(Z 9ip(so+n—n/p) ) (3.8)
7=0
1/p
< c(ZZW 0)+n— ”/p> < 00.

For the second term of (3.3) we treat as a first case all K,z with 0 ¢ B, 5-x+1.
But then we have

161 By (B a- ) || = 0.

In the second case we treat all K,z with 0 € B, 5-x+1. Then sk, < s(0) and
because 2~ K(xe=50) < 1 we can estimate

2 KCrem 05| By (Byg-r)|| < [18]B3< (Bog-scra)|
> ||5|B;(0)(Bo,24<+2)||
< 9BO R <.

A

That shows that the second term of (3.3) is finite.
O

That result follows our expectation exactly, that is to say that for the Dirac-
distribution we need only a restriction on the smoothness function at the origin.
We will calculate more examples later with the help of decomposition techniques.
Here we add the following assertion.

Proposition 3.2 Let 1 < p < oo and S :  — s(x) be a bounded lower semi-
continuous function in R™. Then for Ky € N

17185 (R + sup Sup 2 Ka=s0)|| f| B3t (B, o-xc )|
rxeR™ 0

is an equivalent norm in BS*(R™).

This shows that only large values of K, corresponding to small balls, are of
interest.

Proof One direction is obvious. To prove the converse it is enough to show
that

sup 27 Crams0)|| | BRre (B, k)| < e sup 27F0CKoa 0| | BT (B, 5 k)|
z€R™ xER™?

holds for K < K,. Therefore we choose points z; € B, o-x for i =1,...,L € N
with the property

L
Bx’sz - U Bxl,Q*KO'
=1

20



Then by means of this covering we can prove

L
2 Kora=s0)|| f| B3kr (Bygox )| < 27 KR N7 | £ Bk (B, -k

=1

by a procedure of extension and restriction because we have sx, < sk, ,, for all
l=1,...,L € N. Now we estimate further

9K (sK,2—50) Hf’B;K,m (B:t72—K>H < CQfK(sx,mfso)LHf‘B;KO»y(Byz_KO)H
2~ Kolsrg,y—s0) ||f|B;KO’y(By727KO)||,

IN

where we used 2~ EGra=s0) < 1 and 2Ko(skow—s0) < 9Kolsmax—s0) < ¢ and chose
y € {x1,...,x.} such that || f|B, " (B,,2-%0)|| is maximal. Taking now the
supremum over all R” on both sides we arrive at the desired estimate.

O

3.2 An equivalent norm

Now we provide a tool that enables us to preserve the second step of the strategy
discussed in the Preliminaries also but without restrictions on the smoothness
function s(x).

Theorem 3.2 Let 1 < p < 0o and S : © +— s(x) be a bounded lower semi-
continuous function in R™ with Syax —m < 1/p for a natural number m. Then

for so < 1/p

I£1BR R+ sup 27KEwem0) B DB (Byyr)ll (3.9)

KeN,zeR?
|a|=m

is an equivalent norm in By®(R").

Proof Step 1
We start to estimate the supremum in (3.9) from above. By Definition we have

DD fIBy T (Bl = ) inf [lga| By~ (R)]),

loo|=m |a|=m

where the infimum is taken over all g, with g,| B, = D*f. If we allow only

oK
functions A in the infimum for which even h| B,, k= f holds we have

> DB (Bog-x)|| <) inf | DR By (RY))|

|a|l=m |a|=m

< inf Y DBy (R

|la=m
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But now by formula (2.5) we arrive at
D IDf1By=" (Bya-ie) || < inf cllh| By (R)|| = ¢ f1B; (B )l
lal=m

Step 2
For the opposite direction we have by formula (2.13)

27K(3K@*80)Hf’B;K,m (Byax)| < CQK(SO*n/p)Hf(Q*K.)‘B;Kﬁc (Bza)l- (3.10)
We treat the norm on the right-hand side. By applying formula (2.8) we get

IF @By (Ban)ll < el f(27 )| By (Baa)ll
+e27 Y (D)) By (B

laf=m

where we used

DOf(275)] = 27 (D )27, (3.11)

If we choose 7 = sy we can use the homogeneity property (2.10) for both terms
because sy < 1/p and sg, —m < 1/p. We obtain

£ By (Bl < 2 K| B (B )]
e KOl S| D B (B )|

|a|=m
and arrive by a simple embedding argument at
125 By (Be)|| < c2” Ko f|Be (R (3.12)
42 K(sk,a=n/p) Z ||Daf|B;K,I—m(Bm727K>||’
|a|=m

which inserted into (3.10) gives

27K Cwa=0)| f|Bsre By < el /IBRRY)
g Kerams0) N7 D f B3k (B, o)

la)l=m

which is the desired estimate to prove the second direction of (3.9).

O
The strategy sketched before Proposition 2.4 now works as follows. By this
equivalent norm we can lift the smoothness level for the supremum terms below
1/p on the ball B,; and with the help of (2.10) shift the problem we want to
prove back to the ball B, »_k.
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3.3 Further properties

In this section we generalize the results we stated in the Preliminaries for the
usual Besov spaces to the spaces with varying smoothness. We follow exactly the
strategy mentioned in the previous sections.

3.3.1 Pointwise multipliers

The aim of this subsection is to generalize Theorem 2.1.

Theorem 3.3 Let 1 < p < oo and let S be a bounded lower semi-continuous
function in R™. Let s < 1/p, then g € C2(R™) with ¢ > max(Smax, —So) @S a
pointwise multiplier for BESO (R™). In other words, f +— gf yields a bounded
linear mapping from BE’SO (R™) into itself and there exists a constant ¢ > 0 such
that

lofIBE(RM)|| < cllglce®M)]| |F1BS (R)]

holds for all g € C4(R™) and all f € BY®(R").

Proof We only have to take care about the Supremum in (3.3) because for the
first part we have

lgf1By* (R[] < cllglce(R™)]| [1f1B,° (R™)]] (3.13)

for o > —sg by Theorem 2.1. For the term inside of the Supremum by using the
formulas (2.13) and Theorem 2.4 with ¢ > Sy, We get

2~ Kba=0)|g f| Byt (B, 5k )|

c2Ktom (g f)(27) | By (Bya )|

2R g(27 K Co (B )| 1275 ) By (Baa ).

IAINA

Looking at Definition 2.2, it is easy to varify, that
lg(27")[C4(B.1) | < llglCe(R™)]]
because in these spaces we only deal with differences. Therefore we have

2= g f By (Bypor)|
< et Wllglee @£ 1By (Bra)ll (3.14)

In the proof of Theorem 3.2 we find formula (3.12), insert it into (3.14) and obtain

9—K(sK.z—50) ||gf|B;K,z (3%24{) “
< cligle?®M) (17183 R + 270 37| De f| By (B, o)),

laj=m
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If we now take the supremum over x and K on both sides we finally arrive by
Theorem 3.2 at

SuII{DQ‘K(SK’“”_SO)|!9f|BZK’””(Bz,27K)II < cllglce @) 1118, (R™)]],

which proves the desired assertion.

3.3.2 Embeddings

The main goal in this subsection is to generalize Theorem 2.2.

Theorem 3.4 Let 1 < p; < ps < 00 and let S' and S? be bounded lower semi-
continuous functions in R™. Then for s}, st < 1/p

Bzil’sé (R") C BE;’S(%(R”) if s'(z) — 2> s*(z) — n for all x € R™
n P2
n n
and sh— = >g¢2 -
o T

Proof Theorem 2.2 gives the desired estimate for the first term of the norm
(3.3). For the second term we use formula (2.13) and obtain by applying Theorem
2.5
82 82
2k 1By (Boger) | < X8| £(27) [ Byt (Bay)|

81
< @R ()| B (B

— )

Now we use formula (3.12) from the proof of Theorem 3.2 again to get

CK(s2 g2 s% .
2 ka0 || f| By (B g0 |
< caRtirimsbenin)| )|

sk _—m
+62—K(S}<,z—n/p1—s(2)+n/p2) Z | D f| By (B%sz)H
|a|=m
s) (mon —K(sk —st a Sk~
< llfIBR (R + 2 KCiea™0) N D f| B (By 5.

|a|=m

After taking the supremum over z, K on both sides we arrive by Theorem 3.2 at

—K(s2 —s2 5% z 1l n
sup 2~ ka0 | f| B, (B, 0-x )| < cf| I B, 0 (R™)]],

T,

which proves the assertion.
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Corollary 3.1 Let 1 < p < oo and let S' and S* be bounded lower semi-
continuous functions in R™. Then for s, st < 1/p

Bﬁl’sé (R™) C B?z’sg (R™) if st(z) > s*(z) for all v € R™
and 55> s
This follows from the last Theorem for the special case p; = p».

Corollary 3.2 Let 1 < p < oo and let S, S* and S? be bounded lower semi-
continuous functions in R™. Then for fi € BE "0(R™) and fo € BE "0 (R™) fol-
lows, that for sb, s2 < 1/p

fi+ fe € Bs’so (R™) with s(z) < min(s'(z), s*(z))

and so < min(s}, s3).

This follows immediately by triangle inequality and Corollary 3.1.
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4 Decomposition with C*°-wavelets

Already some years ago procedures were established to reduce problems in func-
tion spaces to the level of sequence spaces with the help of decomposition tech-
niques. There are many different possible ways to do so, for example by using
molecules, atoms, quarks and wavelets. We want to use special wavelet decom-
positions developed by Triebel in [28] and [29] to characterize the space By (R™)
in terms of the wavelet coefficients of its elements. This will be done in section
6. In this section we discuss a decomposition by C*-wavelets for s < 0, its ge-
neralization for all s and investigate how to use these decompositions to get local
smoothness information. All notation in this section is based on [28].

4.1 Wavelet-frames for distributions

Here we only consider the case s < 0.

4.1.1 Definition and Theorem

We define
Ry, ={yeR":y=(y1,...,yn), y: > O}.
Let k be a non-negative C*°-function in R™ with

suppk C {y e R" : |y| < 27} NRL, (4.1)

for some J € N and

Z k(x —m) = 1. (4.2)

mezZm™

For 8 € NI, we put k°(z) = (2772)°k(z) > 0 and define the local means of
f € S'(R") with respect to k°(z) by

BN = [ RS, 120 seR (@)
and . ’
Kin(f) = K27, f)(27m), jeN, meZ", (4.4)
interpreted in the distributional sense. We abbreviate
BENy j=0 meZnr B,3,m

and define for s € R the following norm

1/p
1 plls = <Z Zj(s_"/p)”lkf,m(f)\p> : (4.5)

ﬂ7j7m
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In addition let w € S(R") with suppw C (—m,7)" and w(x) = 1 if |z] < 2. Then

we define
;181918

Wi(z) = W&:ﬁw(w), (4.6)
with |G| =1+ -+ + B, and B! = 51!+ 5,!. Let
P(z) =D (W)Y (m)e ™. (4.7)
mezn

Definition 4.1 Let ¢, ¢ be given by (2.1) and (2.2). Then the mother wavelets
®7 () and the father wavelets ®7(x) are given by

(@5,)"(6) = p(£)Q°(€), €eR"

and

(@)Y (&) = o(£)Q%(€), ¢ eR™

Remark 4.1 For all a € Nj, the following holds
[ eieeds=o

Furthermore, ®7, and ®%. are entire analytic functions and we have

Oy () = > (W) (m)@(x+m), zeR" (4.8)
and
ol(2) = 3 (@) (m)Go(x + m), = ER" (4.9)
We put ; ‘
W) ={ gtioia "y - Tem (410
and

p={ul, €C:jeNy,meZ" BeN}

and define ||p|l,||s in the same way as in (4.5).

Theorem 4.1 Let 1 <p < oo and s < 0.
(i)  Then f € S"(R") is an element of B5(R™) if, and only if, it can be repre-

sented as
_ B B
f= E:/‘j,m‘bj,m
/[37j7m
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with ||p|ly]|s < oo, with unconditional convergence in S'(R™). Furthermore,
1B (R} ~ inf [| ]l s,

where the infimum is taken over all admissible representations.
(i)  Any f € U oo B (R") can be represented as

F=Y k,.(Hel,. (4.11)

B,j,m

unconditional convergence in S'(R"™). In addition, f € B,(R") if, and only if,
[ECH)plls < oo
(i)  Let f € By(R"). Then

1B (R~ ([R5,

where the equivalence constants are independent of f, this means that the coeffi-
cients k]ﬁm(f) gie an optimal representation.

The proof of this Theorem was given in 2003 by H. Triebel in [28], Theorem 2.
This kind of decomposition stands in a certain sense in contrast to the quarkonial
decompositions, because the functions @ﬁ m» as building blocks, are not compactly

supported, but the coefficients k’jﬁ . (f) are local in the sense that we only need
information about the function f in a small ball around 277m. This fact gives us
one possibility to describe local smoothness behavior of a function in terms of its
coefficients k‘f . (f), which will be done in 4.1.3.

4.1.2 Examples

(a) Let § be the Dirac-distribution again, then we try to discover the known
results about which Besov spaces contain §. Here we can calculate the coefficients
explicitely and get

B — 9jn —Jn\B
kK pm(0) = 27" (=27"m)"k(—m), for m € suppk,
therefore
1/p
k()]s = (Z 2j(s—n/p)l72jnp|(2—Jm)5‘]?k(_m)ﬁ) _
67j7m

Because of m € supp k, we have [277/m/| < ¢ < 1, if we put ¢ = sup,,cqppi [277m/.
Then the sum over [ is a geometric series. The remaining sum over m is finite

and we obtain
1/p
k(81,1 ~ (Zzﬂ”/ww) , (4.12)
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which corresponds to formula (3.8). Hence, we have the well-known necessary
and sufficient conditions

6 € By(R"), if, and only if, s < L n, for p < oo
p
and
0 € B (R"), if and only if, s < —n.

(b) Let 60 = D76 with § as in (a) and a multiindex ~. If we now calculate the
coefficients we get

kﬁm(é(”) = (—1)hl2ingih Z co(—277m)?=" (D" k)(—m),  for m € suppk,
YA =~

v'<B

where v/ <  means 7, < f; for i = 1,...,n. Hence, we have after estimation
from above

1/p
1k(6)1,]|s < ¢ (Z Qj(sn/p)pQan2jvp|2Jm|(ﬁ'y’)p> _

ﬁ?j?m
Now, with arguments similar to those in example (a), we obtain

[e o]

1/p
||k(5(7))|lp\|s <c (Z 2j(s—n/p)p2jnp2jlvlp>

§=0
and can state n
6 ¢ By (R™), if s< b n— |yl

(c) Let g(x) = ¢(x)|z|~® for p € C*(R"™) with suppy C {x € R* : |z| < 1}
and o € R with n — 1 < a <n. We put

f(z) =(D7g)(x) for vy e Nj with |y] = 1.
Now we estimate the coefficients k’f . (f) from above. By definition is
(1) =[ @ 0Pk T+ 2 )y,
yesupp &

[2=Im+42—7y|<1

If we put ¢ = sup,equppr 12779/, then ¢ < 1 holds. As a first case we only consider
all m with |m| > 27+1 It follows |277m+277y| > 2777 and f(279m+277y) € L.
Additionally we know

273 (|| - 27) < [277m + 27y,
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If also |m| > 29! for j > J holds, then
{yeR™: |y <2¥n{y e R": [279m +277y| < 1} = 0.

This means that in the first case we can restrict ourselves to all m with the
property 2771 < |m| < 2/*1. Then it follows

!kf,m(f” < cgl? / |DY(p(279m + 279y) |27 m + 277 y| %) |dy,
where we integrate only over all y with
277 (Jm| = 27) < [277m +277y| < 277(|m| + 27).
That gives us
)] < eq 22 (] = 27)e = g2 (| — 2y (413)

In the remaining case |m| < 2771 we integrate in the distributional sense. There-
fore we write

() =27 @y =27 m) Ky — m)f(5)y.

oyt
(27y—m)€Esupp k

This time we put
/

¢ = sup |27y -2
yERM
(2jy—4n)63uppk

then also ¢’ < 1 holds, and it follows that
[k ()] < 2710127 / W)y~ I(D7E)(27y — m)|dy.

By |27y —m| < 27 and |m| < 271! we also have that |y| < 2773 -2/ so that we
can estimate

_Jrn‘7

LD < camgPly / ol

lyl<c 277
< gD, (4.14)
Together with (4.13) and (4.14) we obtain
BN = D 2] (P
B.gym
< D ey k(D Y k(P
J=0 B,|m[=27+1 Bilm|<27+1
< CZ 9d(s=n/p)pgi(a+1)p Z (|m| — 27)n—a=bp 4 olJ+1n
j=0 2i+1>|m|>27+1
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The last sum is bounded from above if (n—a—1)p < —n and we find the following
sufficient condition

f € By(R"), if s<ﬁ—oz—1<—n,
p

which corresponds for large p to the assertion (ii) of Lemma 1 of 2.3.1 in [19].

4.1.3 Local properties
Let Q be a domain in R™, and f, g € S'(R"™). Then we put

f=g mod C*™ in , (4.15)
if the restriction of f — g to Q is a C*°-function. Let now f be given as in (4.11),
that means ' '
f=3 K7 HEIm],.

B.3,m

Then we define for 2° € R” and K € N with K > J
K20 . . .
(@) = 3" K2, )27 m) P (20 — m), (4.16)
/37j7m

where the summation is restricted to all j > J + K and m with
Byog-r41 N Byipas #0 . (4.17)

This condition ensures, that only those coefficients are taken into acount, that
depend on information about the function f at most in the ball with radius
2542 centered at 2°. This fact is the reason that the radius 27%+2 appears in
the definition of sk, in 3.1, which will be used in section 6 again. Now we put

o 1/p
k()15 = (ZK’I I s=n/lp| 1 (277 ,f>(2—f'm)|p> (4.18)

137.j7m

with the same restrictions on the summation as in (4.16) and formulate the
following relation between f and fK’IO.

Proposition 4.1 Let 1 <p < o0, s <t <0 and f € B;(R"). Then
f — fK’:BO mod C* in Bwoysz (419)
and

1f = F By (Byo o)l < 2R (F) Ty - (4.20)
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Furthermore let s < o < 0. Then

[R5 < 0o, implies  f" € BI(R") (4.21)
with . .
1757 By (R™)|| < ellk()lpll5 (4.22)
and, conversely,
FE e BYR™),  implies  |E(f)[LE < oo (4.23)
with . .
1RO < el 57 By R + 25|k (f) 1l (4.24)

This is a modified version of Corollary 1 in [28]. In particular since (4.20), (4.22)
and (4.24) are also to be taken into consideration, we shall expand the proof given
there. This proposition shows that fX*° is a local approximation of f around
2 and its wavelet coefficients can be asked if the function f belongs locally to a
Besov space with a higher degree of smoothness, see (4.21).
Proof Step 1
Let

() = (1 + |z[»)Y?  for x € R™.

For any given a > 0 there are constants C' > 0 and ¢, > 0 such that
|DPwY (2)] < ea29P(2)7%, z€R", BeN,
where C'is independent of z, a, § and ¢, is independent of x, 3, see [26]. Then by
(4.6) it follows that
Byy ;1819718 5 v Bl A —a
(@) (y)| = W'D w'(z)] < 279 y)™,

where both ¢ > 0 and @ > 0 can be arbitrary chosen. Hence, by (4.8) and (4.9)
we get

ID*®P(z)| = | Y (@)Y (m)(D*P)(x +m)

mezm

< @Y ) m)

mezZm

because D*p € S(R™). Now we can split the sum into the parts with |m| < |z|/2
and |m| > |z|/2 and obtain

|D®8 ()| < 279l ()4, (4.25)
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where both ¢ > 0 and d > 0 can be arbitrary chosen and c is independent of 3
and x.

Step 2

Let f € By(R"). We fix § € Nj and j € Ny in the sum (4.11) and denote the
resulting sum over m € Z" by fs;. By (4.25) we have

1D fa5(@)] = | D kym())(D7) (2 — )2

mezZmn

< c2~i(s=n/p)9jlalg—olf] Z 2j(8—n/17)k§m(f><2jx _ m>_d

mezm™

< ds=n/p)gilalg—elfl sup{Qj(S*”/p)\kﬁm(f)]} Z (2 x —m)~®

mezZn"

< CQ—j(s—n/p)Qj\aIQ—@\ﬁl”k(f)”pns Z (2 x —m)~,

mez"

where both d > 0 and ¢ > 0 can be arbitrary chosen. The remaining sum
over m is uniformly bounded for all z € R™. Then it follows that fz; and also
fi =2 5 fs; are C=-functions in R".

Step 3

Now we prove (4.19). We assume zy = 0. By (4.11) and (4.16) we can write

F= 0 = SN0 S () (4:20)

ﬁ7j7m ﬁ7j7m

where in the first sum the summation is restricted to all j > J + K and m with
1279m| > 27K+ 4270 (4.27)

and in the second sum the summation is restricted to all j < J + K. We begin
with the first sum and have by (4.27)

|m| > 297K+, (4.28)

Now, if we assume (4.28) and |z| < 275 then |m — 27z > 277K and we find
similar to the end of Step 2 for all j,m and |z| < 27K

e (Zlkfmm@f,m) (z)

where both d > n and ¢ > 0 can be arbitrary chosen. Now the same arguments as
in Step 2 ensure that the first sum in (4.26) is a C*>°-function in the ball By-x+1.

< Cij(sfn/p)2jla|279\ﬁ|2(nfd)(jfl<)||k(f)|lp|’sj (4.29)
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We can choose a = 0 and d in (4.29) with s — n/p +d — n > 0, then with (2.10)
we can state

1
> KL ()] | BL(By-x) || < c2KUn/p) Z C(By-x)
/87j7m ﬁ]m
< K(t=n/p) Z 9—i(s—n/p+d—n)9K(d—n) &Ll
i>J+K

< CQK(t—"/P)2—(J+K)(5_”/P)2_J(d—n)||k(f)|lp||s
< 25,
where we included all constants that depend on J into the constant c. Because of

Step 2, it is clear that the second sum in (4.26) is a C*°-function. That already
proves (4.19). But with (4.25) we can state further that

2
> k()@ | BY(By-x) || < c2"CP) Z C(By-x)
ﬁuj’m ﬁ]m
J+K
< K(t=n/p) Z 9—i(s=n/p) Z 2J(S_Wp)|k’£m(f)q)?,m|
J+K
< 9K(t=—n/p) Z 9—i(s—n/p) Z 9—elB| Z =/ D (1Y (27 0 — m)
pS Jm
7=0 Jé] m
J+K
< KE=n/p) ZQ J(s— n/p)ZQ olsl sup{QJ(S n/p)|kﬂ )|}Z<2j$_m> d
J=0 m

< 2K,
where we used (2.10) again. Together we obtain
1f = FE01By (Bo-rc)l| < 2k (f)1lls-

That proves (4.20).
Step 4
We prove (4.21) and (4.22). The function K2 ig defined by

=D 14m®;

ﬂ?j?m

Mﬁ — kﬁm(f) : j > ‘] + K7 BxO,Q*K:Fl m BQ_jm,Q_j % @7
Jm 0 : otherwise.

We know that
1.0
llplle = k()15 < oo
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because of our assumptions. Now Theorem 4.1 (i) gives f5*° ¢ B7(R™) and

175 B R < ell k(5"

Step 5

Now we prove (4.23) and (4.24). Let f%*° ¢ BJ(R"), s < o < 0. By Theorem

4.1 (iii) we have
IR o < el f54°| By (R?)]| < oo
Let again 2 = 0. By (4.19) we have for |z| < 27571
fla) = [*02) + g(z)  with g€ C5*(By-x).

For the sequence-norm on the right-hand side of (4.23) we assume

By-(x+2y41 N Boy—jpo-i # 0
for some j > J + K + 2. Then by (4.31) we have under this restriction

K1) = Ko (F57) + K (9):
If we write g = f — f5*° then by (4.32), (4.30) and (4.20) we get
RO 15 < el £ By R + 25k (f)[L |,

which is (4.24) and proves (4.23).

4.2 Wavelet frames for functions

(4.30)

(4.31)

(4.32)

Now we generalize the decomposition in 4.1 for s € R, originally stated in [28].

4.2.1 Definition and Theorem

To show the idea how to circumvent the restriction s < 0 in Theorem 4.1 we

consider the operator

D =1id+ (—A)L, L € Ny,

which maps any space B;(R”) with s € R and 0 < p < oo isomorphically onto
B;_zL(R"). Let f € B;(R") and L € Ny with s—2L < 0. Then D f € B;_QL(]R”)

and we have by (4.11)

f=> K u(Dpf)D; [@0(27 - —m))(x).

6’j’m

Now we give the definitions for the resulting wavelets and coefficients.
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Definition 4.2 Let g, @ and QP be given by (2.1), (2.2) and (4.7). Let 3 € N#
and L € Ny. Then the father L-wavelets ®%"(x), the mother L-wavelets ®%" (x)
and the remainder L-wavelets CD?’L are given by

B,L\V _ wo(§) n
(@) = rem®©, (<R
@O = S50, cer

B,L\V _ e(§) 8 n
((I)j ) (5) - |§‘2L(|£|2L+2—2jL)Q (5)7 £ER )

if j €N and ®*(€) =0 if j = 0.

Remark 4.2 All these wavelets are functions in S(R™). For L = 0 we basically
obtain the wavelets from Definition 4.1,

o =207, of = o = —207°,
where j € N and 3 € N.
We generalize (4.10) by

CID%L(x—m) =0

L2y —m) = .
(Ze—m) {@@L(Ww—m) : jeN.

Furthermore, we generalize the local means defined in (4.1)-(4.4). Let now

Kt f)(x) = / B (@t ty)dy, t>0, zeR

n

be the local means for f € S’(R™) with the kernel
kP (x) = (=A)'kP(z)  for L e N.

The corresponding norm ||k (f)|l,|s is defined as in (4.5). Then we can formulate
the analogue to Theorem 4.1.

Theorem 4.2 Let1 < p<oo,s€R and L € Ny with s —2L < 7 for a negative
number T < s.
(i)  Then f € BJ(R") is an element of By(R™) if, and only if, it can be repre-
sented as ' '
f=> 1, (%" + 27200 ) (2 — m)
67j7m

with ||p|ly||s < oo, with unconditional convergence in B (R™). Furthermore,
1By (R} o~ inf [l s,
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where the infimum is taken over all admissible representations.
(ii) Any f € B;(R") can be represented as

F= 20 1w (D@ + 27500 (20 — m) (4.33)
B.jm
with . . ' '
WD) = (K27, 1)+ 27202, )] (27m), (4.34)
unconditional convergence in f € B5(R™). In addition we have
LAIB R~ Mi(Hplls ~ NEL O lls + IR E]l-, (4.35)

where the equivalence constants are independent of f.

This Theorem is basically the same as Theorem 3 in [28], only the formula (4.35)
is different than in the original statement, so we prove only that.
Proof We start with a short calculation.

K27, Drf)(x) = K27, f)(@) + /kﬂ(y)[(—A)Lf](fUJr?jy)dy
= K27, ) (@) + 29k (27, ) (2).
Therefore, with (4.34) we have the equality
Hion(F) = 275, (DL),
and Theorem 4.1 gives us
(Il = DLl war ~ D2 f1B5 ()] ~ || 1B R

Altogether we get

IFIBy R < ellk(Hplls + cllk(Plplls—2z
< ClkL(Nplls + cllECH)]--

Conversely, by the above considerations we have also

IEL(Pplls + IRAIL]- - < [IR(DLH)plls—2r + RNl
< clF BRI + cllk(Nlb ]l
< cllfIByRY)],

which completes the proof.
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4.2.2 Local properties

In order to use the previous Theorem to get local smoothness information, again
we follow the same procedure as in 4.1.3. In analogy to (4.15), we write

f=g mod B in{)

for a domain €2 in R™ and functions f,g € S’(R"), if the restriction of f — g to
Q belongs to By (£2). Now we discuss which terms of the decomposition in (4.33)

and (4.34) are important concerning local regularity.
Let for f € B;(R")

WO (f) = 2795E] (),
then we have

1 (DEpllozrr = 1Rl < cll fIB(R™)]] (4.36)

by Theorem 4.2. Let now f’ be given in (4.33) with g’ in place of pu. Because
(4.33) is a universal molecular representation in the sense of [9] (section 5), see
also [28], we find

LF1BE T R < el (F) |2+ (4.37)
and therefore f' € B2M+7(R"). Let also

i (f) = 27K (270, F)(27m),
then by Theorem 4.2 again we get

" (P lplls2z = M (P)llplls < el f1B,(R™)]] (4.38)

and for
Py = 30 2B, £ Im) P (2 — m),
B,3,m

which is also a universal molecular representation in the sense of [9], we have

LF"1By @) < ellp”(H)lpllsvor (4.39)

and therefore f” € B5***(R™). In other words we get for the remainder term
f(z) = Z k(277 £)(279m)®%E (272 —m)  mod B§L+T in R".  (4.40)
ﬁ?j?m

Hence, the right-hand side of this equality is the main term of f as far as local
regularity is concerned. In analogue to 4.1.3 let 2° € R" and K € N with K > J,
then we define

K,x° . .
E ) = D0 ()@ + 27N (2T — m)
th’m
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and
~ K,z0 . . .
E @)= kT NI (2 —m), (4.41)
57j7m
where the summation over j, m is always restricted as in (4.17). Let ||k (f)|L,]/%*"

be given by (4.18) with kj in place of k, then we can formulate the analogue to
Proposition 4.1.

Proposition 4.2 Let 1 < p < 00, s € R and L € Ny with s — 2L < 7 for a

negative number T < s. Let f € Bj(R") and ff’xo, ?’mo given as above. Then

f= ff’xo mod C*™  in B,o -k
and S
f= fi” mod BiL” in Byoo-x
with
7K 20 —s -7
1f = £ [ By(Bao g0 [| < 25U kp ()L lls + 2%k ()Ll + el KNI+

(4.42)
for s <t < 2L+ 1. Furthermore, let s < o < 2L+ 7. Then

k(L5 < 0o, implies [ € BI(R"), (4.43)
and, conversely,

fra e BI(R™), implies  ||kp(f)|L[I5+>*" < oo,

This is again a slightly modified version of the corresponding Corollary 2 in [28].
The added line (4.42) will be proved below but the rest of the proof is analogous
to Proposition 4.1 with some modifications according to the previous discussion.
We want to emphasize that because (4.41) is a universal molecular representation
in the sense of [9] again we get the following estimate

/57 B R < ellkn ()15, (4.44)

which already proves (4.43).
Proof By using the above notation we have by triangle inequality

TK .20 n n ~ ~7 ,:BO
f =12 1By(Bao o) | < |LJ' BRI+ £ BRI+ fr— S |B;(Bx0,2(—K)H)7
4.45

where B
fo=">_ k27, )27 m)®P" 2z — m)

187j7m
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is the right-hand side of (4.40). For the norm of f’ we know by embedding and
(4.36), (4.37)

L7 1BLRY)[| < el f1BRETI < ellk( )Ll (4.46)
and for the norm of f” also by embedding and (4.38), (4.39)
171 By (R < el f1BRE N < ellkr (Il (4.47)

Now we take care about the third term on the right-hand side of (4.45) by using
basically the same arguments as in the steps 1-3 of the proof of Proposition 4.1.
At first we write in analogy to (4.26) with 2° =0

Fo-FE = SRR HEImSM (2 —m)
B,3,m
+ SRR, £ Tm)®ME (2 — m), (4.48)
Bd,m

where in the first sum the summation is restricted to all j > J + K and m with
1279m| > 27K 277 (4.49)
and in the second sum the summation is restricted to all 7 < J + K. It is easy
to see that the analogue to formula (4.25)
DO (2)] < 29 ()

holds for arbitrary chosen numbers o,d > 0. Then we can calculate in the same
way as in step 2 of the proof of Proposition 4.1

Z kP (277, ) (279 m)(DY®%E) (202 — m) 271

< c2’j(s*"/p)2j|“‘2’g‘ﬂ|Hk:L(f)\lpHs Z (2 x —m)~,

mezn

With the restrictions (4.49) for the first sum in (4.48) we get for |z| < 27K

SR, £)(27Tm) (DORAE) (2 — m)2ile

B.jm

< ¢ Z 2_j(s—n/p+d—n)2j|a|2—9|ﬁ|2K(d—n)”k;L(f)|lp”s (4.50)
B,i>J+K

with arbitrary chosen d > n and g > 0 in analogy to (4.29). For the second sum
in (4.48) we find in a similar way

S KR T m) (D) 2 — m)2

ﬁ?j’m

< ¢ Z Q—j(r—n/p)gjla\g—glﬁ\HkL(f)‘lp”T (4.51)
BI<J+K
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for an arbitrary real number r. After these calculations we estimate the third
term of (4.45). We start with (2.13) and get by embedding

| fo = FE 1By (Bao o) < 20|y — F1) (275 | BY(Bro )|
< @Kt r|<fL—f“><2 IO (Byo )l (4.52)

We shall use the equivalent norm

lg|C*H ()| < elglC@)l +¢ Y [1DglC@)]. (4.53)

|a|=2L

Then we can estimate by (4.50) with sufficiently large d and (4.51) with r =7

~ ka0

|(Fz = FE )@ NCBo) = 1 fr = FE 1O (Buo g

< ¢ Z 9—J(s— n/p+d_n)2—g\ﬁ|2K(d—n)HkL(f)”pHS
B8,3>J+K

te 3 gl (1)L,
B.j<I+EK

Ry KConDH ) gy (f) .+ 275Dy ()
2O (1) s + 2K (Pl (159

IA A

For the derivatives we find by (4.50) with sufficiently large d and (4.51) with
r=s

STD(fL — )@ TENIC(Bao )|

|a|=2L

= N 2Kl DA(f, — FET)@F)IC (B

|a|=2L
_ ey 7K,z
= 27K N D (fr = [N (Bao g
|o|=2L
< QK Z Z 2—j(s—n/p+d—n—|a\)QK(d—n)Q—QIﬂ\||kL(f)|lp||s
|a|=2L B,j>J+K
D DD DSt AN R
|a|=2L B,j<J+K
< C2—2LK(2K(d—n)2—K(s—n/p+d—n—2L)||kL(f>|lp||s+CQ—K(S—n/P—2L)||kL(f)|lp||s)
< 2Kk (£l (4.55)

Inserting (4.54) and (4.55) with (4.53) into (4.52) we find
T 7Ka s) -7
1fe = f2" 1By (Bao o)l < 25 Nlkp () lls + 27 Ik (F)llpl-
which together with (4.46), (4.47) and (4.45) proves the desired estimate.
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5 Decomposition with C"-wavelets

In contrast to section 4 we discuss now a wavelet decomposition where the build-
ing blocks are C"-functions but have a compact support. This section is essen-
tially based on [29].

5.1 Definition and Theorem
Let L = L=2"—-1if j € Nand Ly = 1. Then for any number r € N there are
functions ¢g(z) € C"(R™) and ¢'(z) € C"(R"), I =1,..., L, with

supp ¢ (), supp ¢'(x) C By; (5.1)

for a J € N and
/ Y (z)dr =0, for a € NI, |a| <,

such that .
{22yt (x):j €Ny, 1 <1< LjmeZ"}
with

Gnlo) = { s e T

J (27lx—m) : jeNmeZ"' 1<I<L,

is an orthonormal basis in Ly(R"™).

The original version of such a system goes back to I. Daubechies, see [7]. For a
detailed description we refer to [17] and [35].

We want to give the counterpart to Theorem 4.1 with compactly supported
wavelets. For that purpose we need suitable sequence spaces.

Definition 5.1 Let s € R and 0 < p < oco. Then the space by consists of all

Sequences
A={\ ,€C:jeN,1<I<L;meZ"}

for which the quasi-norm

1/p
[Ab, ]l = (Z 2j(s"/”)p|>\§-,m|p> (5.2)

l,j,m
(with the usual mofification for p = o0) is finite.

The following Theorem was published by Triebel in [29], the proof is also given
there.
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Theorem 5.1 Let s and p given as above. Then there is a natural number r(s, p)
such that for all r > r(s,p) the following is true:
Let f € S'(R"), then f € By (R") if, and only if, it can be represented as

F=S" A (e, with [AB]] < oo, (5.3)
l,j,m

with unconditional convergence in S'(R™). Furthermore the representation (5.3)
is U’nique7 )‘é,m(f) = 2jn(f7 w;,m); and

1B (R~ IACH) B

in the sense of equivalent quasi-norms.
In addition, for p < co, (5.3) converges unconditionally in B3(R") and {},} is
an unconditional Schauder basis in By(R").

Remark 5.1 In [29], Corollary 5, was proved, that in the Theorem one can

choose
(s,p) = max(s 2n 42 s)
T - .
D ' 5

This result allows us again to extract local regularity assertions.

5.2 Local properties

We follow the same idea as for the non-compactly supported wavelets. We define
for 2 € R® and K € N with K > J

Ka® !
fK,xO = Z )\j,m(f) Jym?

l,j,m
where the summation is restricted to all j > J + K and m with
Byog-rc41 N Byjpa-i # 1)
The corresponding norm is given by

1/p
K,az0 .
IACH B = (Z 2](8_”/p)”|)\§,m(f)|p> :

l7j7m

Now we can formulate a Proposition which is in some sense the analogue to
Proposition 4.1.
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Proposition 5.1 Let 1 < p < oo, s <n/p, r > r(t,p) and f € By(R"). Then
for s <t

[ =[xz mod C" in Byos-x (5.4)
and
1f = Frcao| By(Boo o) < XU [[A[B . (5.5)
Furthermore let s < o. Then
INCAIBS " < 00 implies  fxm0 € BS(R") (5.6)
with
1 fxc00| By (R < el ACHIb (5.7)

Proof We prove (5.4). We assume z° = 0 and write
1
l
F= o= At + SN
l,j,m l,j,m
where in the first sum the summation is restricted to all j > J + K and m with
1277m| > 27K+ 427 (5.8)

and in the second sum the summation is restricted to all 7 < J + K. Now we
estimate

1 = frolC"(Boo-x )|
<> ( sup Z AL DYL L (2)] 4+ sup Z AL, D% )|>. (5.9)
= \Jzls275 2 jol<2-K [
Because of (5.1) we know that
W (2 —m)| =0 if [2z—m|>2.
The supremum is taken over |z| < 27 this means
W (P —m)| =0 if [27m|>2 K42/ (5.10)

But the sum with superscript 1 in (5.9) fulfills this condition for the summation
over m by (5.8), therefore this sum vanishes. Furthermore we can estimate

If = frolC"(Be-x)|| < sup Z Nl D 1D ()

|lz[<27K 5, la|<r
< Z 9—i(s=n/p) ZQJS n/p) ’)\l sup Z 2J|0‘“ Daw)<23$_ )|
Li<J+K |x| 275 a<r
< e Y 2T A2 (R
Li<J+K
< 2 UHRIGmrn/m) | A b (5.11)
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That proves (5.4). To prove (5.5) we use formula (2.13) and (5.11) to obtain

1f = Freol By(Ba-xc)ll < 2P| — freo)(275) | BL(BL)
< 2RUP|(f — freo)(27F)|CT(BY)]|

< 2K (|(F — o) (@) C(BY)|
+ 31D = fro) @ ENIC B

lal=r

< CQK(t—n/p)<||f — fK70|C(BQ*K)||

+ Z 2~ 10K Do (f — fK,O)’C(BTK)H)

|lal=r

< R F — freo|C(Byse)|| 4 25X f — fre|CT(By-x) |
< @K(t=n/p)g=(J+K)(s—n/p) NG|+ 2K (t=r=n/p)o—(J+K)(s—r—n/p) A5
< 2K A -

Now we prove (5.6) and (5.7). By definition we know

fK,$0 = ZCJl,m(f) ;’,m

l7j7m

with

X (f) j>J4 K, Byoo-xi1 N Byipoi # 0
! = J,Mm ) zY,2 2=Im,2
Cim(frca0) { 0 . otherwise.

In addition we have

g (3 Z‘O
11511 = M) < o0
by assumption. Now Theorem 5.1 gives fx 0 € B7(R") and

| fe.00| BS(R™)]| < e A(F)Ig [

6 Main results

Here we formulate different possibilities to characterize the space B§’50 (R™) by
wavelet coefficients of its elements. This enables us to calculate a few more ex-
amples explicitely, which will be done in 6.2, and to prove the relation between
By (R") and the so-called Two-microlocal spaces in 6.3. Furthermore, the re-
sults given here are essential to investigate some special problems as we will see

in section 7.
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6.1 Theorems

We start with the case of C*°-wavelets from section 4.

Theorem 6.1 Let 1 < p < oo and let S be a negative lower semi-continuous
function in R™ that is bounded from below. Then there are two constants cy,cq > 0

such that for all f € BE’SO (R™),

llk(Pllpllsg +er sup 27 KR k()7 [| 542

K> JzeRn K
< [IfIBX®R™M)|+ sup 27 FExem0)|| f|BsKa (B, k)| (6.1)
K>J,xeR"
< ollk(Mlplls + e sup 27 KGR0 | (f)]1,)| 57 .
K>JzeRn ’

Remark 6.1 Here an unavoidable indez-shifting from K to K+2 appears. Other-
wise we would have an equivalent quasi-norm for our space BE’SO (R™).

A first proof of Theorem 6.1 is given by Triebel in [27] but we shall give a shorter
one here.

Proof We only have to take care about the supremum terms because Theorem
4.1 gives the equivalence of the first terms on each side.

Step 1

We start with the left-hand side of (6.1). Let f € B:°(R") and

g€ By (R")  with g|B,s-x = f|B,s-x. (6.2)
Then for all coefficients in the norm

RIS we have K7, (9) = kJ(f)-

SK,x

Therefore, we have

RO = k(@ ]l >

SK,x SK,x

< NE @l < cllglByre= R[],

by Theorem 4.1. But because this inequality holds for all g with (6.2), it also
holds for the infimum over all such ¢ and so by Definition 2.3 we get

IRl < el 1By (Bya-x)l.

SK,x

Step 2
Now we prove the right-hand side of (6.1). We write f = (f — f52) + f£% then
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the triangle inequality and the formulas (4.20), (4.22) lead to
2~ Klwa=s0| f| By (B, x|
< 2 RERam (|| f — fR2| B (B i) | 4 || f50| By (B, o))
2 K(errm) (czf“sm-%)||k<f>|zp||50 + el (IS )
c2 K=k )]] 57 + llk(F)llpllsos

IN

IA

which is the desired estimate.
O

Now we can state a similar result for the generalized decomposition with C'*°-
wavelets from 4.2.

Theorem 6.2 Let 1 < p < oo andletS : z — s(x) be a bounded semi-continuous
function in R™ with Syax —2L < 59 < 0 for a L € Ny. Then for all f € BE’SO (R™),

Ak (Dlipllso + ellE(lipllsg + ¢ sup 2 Km0y ()L 52

>JzeRn Kz
< |If1By* (R (6.3)
< cllkn(Pllpllso + cllk()pllsg + ¢ sup  27KERe 0|k, (F)[1,]1 57 .
K>JxeR"

Proof By Theorem 4.2, formula (4.35) with 7 = s, we know
LAIB R~ kL (F)lpllso + [1RCH)Epllso,

which means we only have to care about the suprema.

Step 1

The proof of the left hand-side of (6.3) is the same as in the proof of the last
Theorem using Theorem 4.2 instead of Theorem 4.1.

Step 2

For the right-hand side of (6.3) we write f = (f — f'z{x) + ffz Then the triangle
inequality and the formulas (4.42) with ¢t = sk, and s = 7 = sy and (4.44) lead
to

2~ Klowams0l|| f| Boree (B, 5 x|

27Kk m0) (|| f = FE| By (B o) | + | 11 By (B

9~ K(sK.0—50) <02K<sxyz—so>||/<;L(f)|zp||so + e[k llso + cllEL(F)IL Hsm>
< @ KR B (OIS + ellkp(F)llpllso + k()] sos

where we used 2~ K(x2=%) < 1. That completes the proof.

IA

IA

SK,x

O
Now we will state the analog Theorem for the case of compactly supported
wavelets from section 5.
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Theorem 6.3 Let 1 < p < oo and let S be a bounded lower semi-continuous
function in R™. Then there are two constants ¢y, co > 0 such that for all functions
f € By*o(R") with sy <0,

al MOl e sup 27 KERaT O A(f)|ppre |42

K>Jz€Rn

< |fIBPRM| + sup 27 KEKem0)| fBo (B, o k)| (6.4)
K>J z€rRn

< lMHBR] +ca sup 27 KEReT () b ||
K>J zeRn

The proof works in exactly the same way as for Theorem 6.1, using Theorem 5.1
and the estimates from Proposition 5.1.

Remark 6.2 The assumption f € BE’SO (R™) in the last three Theorems is not
really necessary. The assertions remain true if we assume f € S'(R™).

These results show that in order to treat problems concerning local smoothness
behavior of a function it is enough to have information about their wavelet co-
efficients. Especially Theorem 6.3 gives a uniform assertion without restrictions
on the smoothness function s(x) and is used as the main tool in 6.3.

6.2 Examples

Now we calculate three examples to see the usefulness of such norm estimates.
We start with f = ¢ and verify Example 3.1 again.

Example 6.1 Let S : z — s(x) be a negative lower semi-continuous function in
R™ that is bounded from below with s(0) =n/p —n —e fore > 0. Then

§ € By (R™).
Proof For the first term on the right-hand side of (6.1) we have with (4.12)

1RO lpllsmi < 1ROl s(0)

oo 1/p
< ¢ (Z Qj(s(o)—n/p)ijW) < 0.

Jj=0

However, the second term is more interesting

1E(0)11,|

1/p
Kx . .
= (X s )

ﬂ?j?m
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Again we put ¢ = sup,,cquppr |27/, then ¢ < 1 holds and we see that

1/p
Kx . .
1E(6)|L, ||K:v <c (Z 2](5K,z_n/p)p23npk(_m)p) '

7,m
In the case 0 & B, y-k+2, we have by j > J + K, K > J and |m| < 2/
|z —279m| > 27 5KF2 97K > 97K+l 4 o=

and it follows that
By o-x+1 N Byjpo-i = 0.

Therefore, we can write

sup 2—K(SK,9;—3min)||k-<5)|lp‘ ﬁi&i = sup 2_K(SK,93_3min)||k<6)|lp‘ ﬁ(}';w
K,x OGB;;fKJ,_Q

For all K,z with 0 € B, 5-x+2 the relation sk, < s(0) holds, hence, with |m| < 27
we can estimate

1/p
sup 2 Koo [(5) 1 = <C< > o pr) -
K,x

, j=2J+1

where we used 2~ K(sx2=smin) < 1. That proves the assertion.

Example 6.2 Let I' be a d-set and p the corresponding Radon measure in R"
with 0 < d < n, hence,

w(By,) ~r* if ~ €T =suppp. (6.5)

Let S : x — s(x) be a negative lower semi-continuous function in R™ that is
bounded from below with

s(x) = — —e if xel,

e>0and1=1/p+1/p'. Then
€ BySmin(R™).

Proof At first we remark that by (6.5) we can cover I' with ¢27¢ balls of radius
277, That means I" has a non-empty intersection with at most ¢2/¢ balls of radius
277 centered in 277m. Now we calculate the coefficients

P P
Kjm (1) = 2/ /F(2J y—27"m)"k(2'y — m)u(y)dy.
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If we put

j—J —J
q = Ssup |2j y_2 m|7
~ YERM
(2Jy—m)€Esupp k

then ¢ < 1 holds, and it follows that
‘kﬁm(l’bﬂ S ngnq\ﬁllu@ N BQ—jm,2J_j)'

Now, we estimate

1/p
1ROl sy < (ZQJ(S(F PPN R ( )!)
B,m

and, because of our remark above and |¢q| < 1, we obtain

1/p
||k(U)|lp||smin < C(Z2j(_("_d)/p/_s_”/P)Pdeanpz—jdp)

J
1/p
< ¢ (Z 2j€p> < 0.
J

Now we calculate the second term of the norm. In the case I' N B, 5-x+2 = () we
have by j > J+ K, K > J and |279m — | < 2777 for v € T' N By-jyn 075

|z —279m| > 27K+2 97K > 9=K+1 4 9-J

and it follows that
B$’2—K+1 N BQ—ij—j - @

Therefore we can write

i?pz—K<SK*r-8min>||k<u> Wl

Sup 2_K(3K,z_smm

In Bx2 K+2¢0

DI sl

But if I' N B,o-x+2 # (), then the relation sk, < s(I') holds, and with
2~ K(ske=smin) < 1 we obtain

1/p
SupQ—K(SK,z_Smin)Hk( |l | (Z 2] n/pp| ( )|p) < 00,

K,x
7] m

as already shown above.

O
For our next example we recall example (c¢) in subsection 4.1.2.
Let go(z) = ¢(z)|x|~® for p € C*(R") with suppy C {z € R" : || < 1} and
a€Rwithn —1<a<n Weput

f(z) = (D"ga)(z) for v € Ng with |y[ = 1.
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Example 6.3 Let S : x — s(z) be a lower semi-continuous function in R™ with

_fnp—a—-1—¢ : =0
S(x)_{ —e o #0

fore >0 and (n—a—1)p < —n. Then

f € BSmmin(RY).

Proof By the estimates we did in example (c), section 4.1.2, we have

1B bl sies < MR ol 00y < 00

if (n —a — 1)p < —n. The interesting term is again the supremum. As a first
case we treat all K,z with 0 € B, s-x+2. Then sg, < s(0) for all such K, .
Therefore,

1/p
Kx .
sup 2 K(sKe—smin) (E 2J(SK’xn/p)p‘k£m(f)‘p>

K,z -
O€B1727K+2 ﬁ:]:m

1/p
Kz .
< sup (Z 2](8(0)*n/p)p‘kﬁm(f) ‘p>

K,z -
0€B_ K42 B.j;m

1/p
< <ZQJ(s(O)—n/p)pmﬁm(f”P) = [k(f)Ilplls0) < 0.

B.3,m

Now we treat the second case 0 # B, o-x+2. If we assume |m| < 27, then by
7 >J+ K and K > J follows

|z —279m| > 27K+2 97K > 9=K+1 4 9-J

and we have
Bx72—K+1 N Bg—jmg—j - @

Therefore, we can restrict ourselves to all [m| > 27, or more precise, by j > J+ K
to all |m| > 297K, On the other hand in example (c), subsection 4.1.2, we found,
because of the integration conditions for

,(0) = [ 2770 k)12 T+ 27y
_yesupp_k
[2=im+2—Jy|<1
that |m| < 2771, Hence, in the second case we only need the coefficients kf m(f)
with 277K < |m| < 271, With |y| < 27 we find as a new integration condition,
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that 27571 < |277m + 277y| < 1. For ¢ = sup,cqpps |277y| with ¢ < 1 we
estimate

I/ff,m(f)’ < Cq|5|/|D7(¢(2jm+21y)]2jm+2jy|a)|d3/

yEsuPpk )
2= K—l<|2=imt2-dy|<1

S Cq|ﬁ|2a(K+1)2Jn.

Now we can estimate the supremum in the second case

Kz . 1/p
sup 2-oxamn) (S oo ()

K,z

0¢B . _ . B
e 25— K <|m|<2i+1

00 1/p
S c sup 27K(3K,z*5min*a) ( Z 2j(SK,xn/p)p2jn>

K,z 3
0¢B, o\ K+2 Jj=J+K+1

oo 1/p
< ¢ sup 9~ K(1=n/p) ( Z 2_j€p> < 00,

0¢BZ§§K+2 Jj=J+1
because from (n — a — 1)p < —n follows p > n. That proves the assertion.
O
Analogously one can prove a corresponding result for two or more separated
singularities. Let h(x) = ga, (%) + ga, (€ — x) with g(x) from Example 6.3, where
now n — 1 < aj,ay < n and |xg| > 8. Then we put f(z) = (D7h)(z) for v € Ny
with |y[ = 1 and can state, that f € BS*mn(R"), if

np—a;—1—¢ : =0
s(x)=¢ nfp—a—1—¢ : xz=umx
—€ :  otherwise

for e > 0 and p sufficiently large.

6.3 Two-microlocal spaces

In this subsection we discuss the connection between the spaces of varying smooth-
ness and the so-called two-microlocal spaces. These spaces were first defined by
J.M. Bony in 1984, and have been studied in connection with wavelet methods
by S. Jaffard and Y. Meyer, see [11] for details and references. We follow the
approach given there. Let )\é»’m( f) be the wavelet coefficients of f € S'(R") in the
decomposition (5.3), that we treated in Theorem 5.1.

52



Definition 6.1 Let s and s’ be two real numbers and z° € R". The two-
microlocal space C*% (x°) is the collection of all distributions f such that

N (D] < 27951+ fm — 272°))~, (6.6)
foralljeNy, meZ", 1 <1< L.

This definition of C**'(2°) is given in [11], Proposition 1.4., as an equivalent char-
acterization. The original one was formulated before in terms of the Littlewood-
Paley decomposition, where also a discussion about basic properties can be found.
We will treat the case s’ > 0, which corresponds to our notion of lower semi-
continuous functions to describe a situation where a distribution has a singularity
at the point 2° and is smoother in a neighbourhood. Now we state the Theo-
rem which shows the connection of the two-microlocal spaces and the spaces of
varying smoothness.

Theorem 6.4 Let s' > 0 and f € C>*'(2°). Then

s - x =210

S,s0 n . <
feBIR"Y)  with sp <0 and s(x) —{ s+s . otherwise.

Here the meaning of the two parameters s and s’ becomes clear. The smoothness
in the point 2° is described by s and its difference to the smoothness in a neigh-
bourhood around z° is described by s'.

Proof We use Theorem 6.3. The first term of the right-hand side of (6.4) is
easy to estimate,

IACF) b3z

= sup 2/¢min )\ém(f)| < sup 25c277% < 0.

l7‘77m l7j7m
The norm in the supremum term on the right-hand side of (6.4) reads as

IACH) [t = sup™2rs| AL (f)],

l,jm
where the supremum is taken over all I,m and j > J + K with
B$’2—K+1 N BQ—ij—j 7£ @ (67)

To estimate this norm we distinguish two cases. As the first case we treat all
z, K with |z — 2% < 2752 Then we know that sk, < s(z°) < s. Therefore we

have
[IA(F)[BEE=]]7 < sup™*275c277% < c.

Ljm

In the other case we have |z — 2% > 275%2 and because of (6.7) we can estimate

Im — 292% > |27 (x — 2%)| — |29z — m| > 27 KF2 it KHL > gin KL
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Therefore we get

MB35 < sup™r2sse 2795 (1 4 [m — 27 [) ™

l,3,m

< ¢ sup Qi=K)sk 29— (1—K)s9—(i—K)s'gK(sk 2 —s)
j>J+K

S C2K(SK,1_S)7

where we used sk, < s+ s in the last line. Finally we obtain for the supremum
on the right-hand side of (6.4)

Sup~27K(SK,x*Smin)”)\(f)|bz<}>(,xHK,x <c Sup~27K(575min) < 00,
z,K>J e K>

which proves the assertion.

O
It would be desirable to have also the other direction, this would mean that
the two involved spaces are equal. But that can not be expected, because for
coefficients A} (f), where 277m is far away from 2°, condition (6.6) is to strong
to hold for a function f € BSsmin(R"). Nevertheless we can prove the other
direction in terms of a local version of C**'(2°). We say that a function f belongs
to C¥'(2°) if there exists a neighborhood Uyo of 2° and a function h € C*¥ (2)

loc

such that f = h on Uy, see also [11](p.15).

Theorem 6.5 Let s <0, s’ >0 and f € BS¥(R") with

4@:{ s w=a

s+ s otherwise.

Then f € C:¥ (29).

loc
Proof We start with some short preparations. It is sufficient to prove that
@m0 f € C% (2°) for a C=-function g0 (x) with
o) =1 for |z —2"| <1 and @uo(xr)=0 for|r—2a°>2.

By Theorem 3.3 we know if f € B3*(R") for s < 0 then we also have p.of €
BS#(R"), hence, it is even enough to show that g € CS’S/(:UO) for any compactly
supported function g € BS*(R"). We assume supp g C B,o 1, then we have

M@ =0 if  |279m—a® > 1427,

So we only care about the coefficients for which |27m — 2% < 1+ 2777, If, in
addition, 5 < jo for a jo € N we get by Theorem 6.3

/

N ()] < 277" < 27 (1 + 22" —m|) ™,
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because s’ > 0. We choose jo, = J + 4 and divide the estimate for the coefficients
in the case j > jg into two steps.

Step 1

As a first case we treat all coefficients /\é-’m(g) such that we can find a number
ie{J+4,J+5,...,5} with

27T < 1279 — g0 < 279

Then we have for 2y =2 7mand K; =j — i+ 3
By oxi-t N Byipo—s #0 and | —2°] > 275F2
Now Theorem 6.3 gives
|)\§;m(9)| < K1k 01 =99 sk = U35 =9)gi(s+s) < 9ds9=i  (6.8)

because sk, », = s + s’ holds in that case. Furthermore, we know

1+ |272° —m| < 1427 < 2
Inserting that into (6.8) we obtain

()] < 2791+ 2720 — ).

Step 2
For all the remaining coefficients we have

1279m — 2% < EARAR
Then for 2o = 29m and Ky = j — J — 2
Bpyo-ts-1 N Byipo-s 0 and  |zo —2°| < 9 K22
hold. Theorem 6.3 gives
X ()] < 2K2 (K52 =8) 9ISk 2y — Q78 (6.9)
because now sg, ,, = s holds. We can also estimate
1+ (272 —m| < 1+27H < e
Therefore we obtain
X (9)] < 27951+ (272 — ml)~

also in this case. That completes the proof.

O
So far we only treated the case p = oo. A more general definition for two-
microlocal spaces was given by Moritoh and Yamada in [18], where they treated
homogeneous spaces B;’;/(U) for 1 <p,q <o0,s>0,s¢ €R and an open subset
U C R". We give now a modified version of this definition.
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Definition 6.2 Let s and s' be two real numbers, 1 < p < oo and 2° € R™.
The two-microlocal space Bs* (2°) is the collection of all distributions f € S'(R™)
such that

1/p
1£1By* ()] = (Z /PP N " (1 4+ (2720 — ml)s/plAﬁ,m(f)|p> < 00.

J€Np mezZ"

Again we restrict ourselves to s’ > 0 in order to prove the following connection to
the spaces of varying smoothness, where the smoothness behavior is characterized
by a lower semi-continuous function.

Theorem 6.6 Let s' > 0 and f € B5* (a°). Then
0

Sus0 11om . < 5 Cor==x
f€B, (R")  with sy <0 and s(x) —{ s+ : otherwise.

Proof We use Theorem 6.3 again. Because sy, < s and s’ > 0 we get imme-
diately

1/p
IACH o5 = <Z 2j(Smi“_”/’”)p|/\§»,m(f)|”> < If1By* (2%)] < oo.

j7m7l

In order to estimate the supremum term on the right-hand side of (6.4) we discuss
two cases. As a first case we treat all x and K > J such that |z — 20| < 275+2,
Then we know sg, < s and can estimate

1/p
Kz i(s—n s,s’
IAC) b= < <§ 27 /”)pMé,m<f)|”> < |IfIBy* («")|| < e.

j7m7l

In the second case we treat all  and K > J with |z —2°| > 2752, Then we know
Ska < s+ 5. Furthermore, under the assumption |z — 277m| < 27%+! + 277 for
j > J+ K we have 1 +(272° —m| > 27K Now we can estimate in the following
way

ICA) [op |

1/p
— Ko J(sK,z—n/p)p J 1.0 s'p J —s'p|yl P
= (E 2708 (L+ 2727 = m[)*P(1 + [2/ 2o — m[) " P|A; ., ()] )

Jm,l

IN

1/p
Kax . . ’ ; ’
(E 2(]_K)(5K,z_n/p)p2K(5K,z_n/p)p(1 + |23$0 _ m|)5 po—(i—K)s p|>\é',m(f)|p>

Jm,l
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1/p
< 9K(ske—n/p) (ZK7x2(jK)(sK,m3/”/p)p(1 + 2720 — m|)s’p’)\l,’m(f)’p)

j7m7l

1/p
< 9K (sk.e—n/p)9—K(s—n/p) (ZK’zgj(sn/p)p<1 + ]2%0 _ m\)slp\)\é-7m(f)\p>

J,m,l
< Rloma=)|| f| B3 (29)]] < 2 Ooma)

because sk, — s’ < s. Therefore we obtain for the supremum term on the right-
hand side of (6.4)

sup~2*K(sK,x—smm)H)\(f)|b;;<,x”K,m <ec SURQ*K(Smein) < 00,
z, K>J K>J

which proves the desired assertion.

O
As in the case p = oo, by the same arguments as there, it is not possible to get the
converse result. Therefore we define again the local version B;:lsolc(xo) by the same
restriction procedure as before. But not even the corresponding weaker result, in
analogy to Theorem 6.5, can be expected. We briefly explain the reason. In Step

1 of the proof of Theorem 6.5 we had to distinguish between the coefficients with
2—j+i < ’2—]m o :L,Ol S 2—j+i+l

for different numbers ¢ to use information from Theorem 6.3. We would have to
go the same way now, but then we would get an additional sum over all these
numbers 7, such that the left-hand side of (6.4) would not dominate the norm
in B;:f;c(xo) up to a constant. It turns out, that this additional sum does not
matter if we slightly decrease the smoothness in the target space. We can state

the following. Let s <0, s’ > 0 and f € By*(R") with

s@;):{ s i oa=af

s+ s : otherwise.

Then f € B (2°) with § < s.

p,loc
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7 Further problems

The investigations of this section are essentially based on the results proven in
the last section. The norm estimates given there will be extremely helpful for the
problems we are going to treat now.

7.1 Sharp embeddings

A standard challenge when dealing with function spaces is to give sharp em-
bedding conditions. Now we will prove that the conditions appearing in Theo-
rem 3.4 and Corollary 3.1 are not only sufficient but also necessary, at least if
S0 = Smin < 0. We start with the simpler case p; = ps = p.

Theorem 7.1 Let1 < p < oo and let St and S? be bounded lower semi-continuous
functions in R™ with sL.  s*. <O0.

min’ “min

S n §?,52; n 1 2 n
If B, ™ (R") C B, ™" (R"), then s'(x)>s*(x) for all z € R".

Proof We assume that there exists a point 2° € R™, such that s'(2°) < s?(2°)
holds. Then there is a neighborhood U,o of 2° with the properties

~ 1 < 10
xé%ios(x) < s (2)

inf s*(x) > s'(a%)+d foré >0,
z€U o

(see formula (3.1)). Let us assume 2° = 0, Uy = B, with r > 0, then we define
for 0 < € < ¢ the coefficients

0 [ 2i/p=s =) . B, C U,
AN(f) - { 0 otherwise

and A, (f) = 0 for I,m # 0. In the case 0 ¢ B, o-x+2, then by j > J+ K we
have
B$’27K+1 N By = 0.

Therefore we can write

sup 2K Cha=a | A(F)|BoR= (|52 = sup 27Kk shun) || A(£) [0y [ K
K,x K
’ 0€B,_ 5 K+2
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We know that for all K and = with 0 € B, y-x+2, the relation sg., < s'(0) holds,
hence, for K > J, we get

1/p

_ 11 Kz ..1
sup 2 K(SK,Z Stin) E 2](51(,1 n/p)pl)\oo(f)|p
K,z ~ ’
0EB, y K42 i>J+K
1/p

§ 2 O/ppgile/p=s 0=

IN

j=2J+1
1/p
o0

= Z 2 Jep < 00,

j=2J+1

S

. _ 1 _ ol
where, again we used 2% (sk2=%min) < 1. Furthermore

Srlnin s1(0)
[ACH B (| < [[ACS)Ib, ™| < o0

On the other hand, we calculate

1/p

sup 27K(s%(717312mn) Z K+27m2j(s%7zfn/p)p|>\Q70(f) ‘p

K,x .
J>J+K+2
- 1/p
—K(s% —s2.) i(s1(0)+6—n i(n/p—s(0)—e
> 9 K0 “min Z 9i(s'(0)+6—n/p)pgi(n/p—s'(0)—e)p
j=J+K+1
~ 1/p
_f((s% _St2nin) j(0—
= 2 K0 Z 9 (6—e)p — 00,
j=J+K+1

where we chose K sufficiently large. But now it follows with both sides of (6.4)
that
Sl’s:ﬂin n 827s?ﬂin n
fen, ™R") but f¢&B, "R,

which proves the assertion.
O

Theorem 7.2 Let 1 < p; < py < 00 and let S and S* be bounded lower semi-
continuous functions in R™ with si. 2. <0.

min’ “min

If B,il’si“i“ (R™) C BE;’S?““ (R™) then s'(z)— o s*(x) — o for all x € R".
b1 D2
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Proof The idea of this proof is the same as for the proof of Theorem 7.1. We
put

§(z) =s'(z) —n/p1 and §(x) = s*(x) —n/ps
and assume that there exists a point z° € R", such that s'(z°) < §*(2°) holds.
Then there is a neighborhood U,o of 2° with the properties

ool < 510
mg{ljfg;o §(x) < §(a2)

inf §%(z) > §(a)+46 ford >0,
z€U 0

(see formula (3.1)). Let us assume 2 = 0, Uy = B, with 7 > 0, then we define
for 0 < ¢ < 0 the coefficients

0 . 27j(§1(0)+€) . Bg—j C UO
Aolf) = { 0 . otherwise

and A, (f) = 0 for I,m # 0. In the case 0 ¢ B, »-x+2, then by j > J+ K we
have
Bx,Z—K+1 N 3273' = @

Therefore we can write

sup 2l (PB4 = sup 27K k) A o 7,
A~ OEB:’Zf}(.‘_Q

We know that for all K and  with 0 € B, y-x+2, the relation 5, < 5'(0) holds,
hence, for K > J, we get

1/p1
2_K(8}{ a:_stlnin) K7x2]§}{ =Pl )\O pP1
sup ’ ’ | j,O(f)|
K,z =
OeBzy27K+2 ]>J+K
1/p1
[ee]
< Z 2j§1(0)p12—j(51(0)+8)p1
j=2J+1
1/p1
o0
— —Jep1
= E 2 < 00,
j=2J+1

. CK(sl gl
where, again we used 2 K(sk.e=%min) < 1. Furthermore

INCH B[ < IAC)IB, @l < e
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On the other hand, we estimate

1/102

S[?p 9K (s% »—5min) Z K+2’x2j§§<,mp2 |/\§)70<f)|p2
T

J>J+EK+2
1
. ) o /p2
> Q—K(Skyo—smin) § 93(5'(0)+0)p29—j (5 (0)+e)p2
j=J+K+1
- 1/p2
I (o2 2 .
= 27K(3k,075min) E 21 (0=¢)pz = 09,
j=J+K+1

where we chose K sufficiently large. But now it follows with both sides of (6.4)
that
S1"5rlnin n S2"512nin n
| € By, (R ) but  f ¢ By, (R )a

which proves the assertion.

7.2 A special construction

In this section we try to answer the following question. Given a lower semi-
continuous function S : x +— s(z) in R™, is it possible to construct a function f
with the properties

S,Smin n S+0,8min n
feBS(RY  and  f ¢ BStesmn(RM)

for every non-negative lower semi-continuous function ¢ = o(z) # 07
We try to give a partial answer to this question. We generalize the construction
of Theorem 16.2 in [24] for the one-dimensional case. Let

w(r) = e T if |r] <1/2 and w(x) =0 otherwise, z € R,

be the C§°(R) standard function. Let 0 < s < 1 and v; = 2" for ¢ € N and
rk € Ry with 2%s > 1. Then we set

f= Z Z fri,  with  fi(z) = 2‘””2@(2”:17 - 1), (7.1)
k=0 i=1 !

where we sum over those [ € Z, such that Q,,; C Q. Here we used the nota-
tion Q,,; for the interval 271 — 277,277 + 27%] and Q; = [27%*71,27%%). The
construction gives

supp f C [0,1] with  supp fr; C Qx forall ieN.
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We know by the Theorem 13.8 in [24], that the function f belongs to B3 (R). At
first we shall check that its first derivative f’ belongs to B !(R) in terms of our
characterisation (4.11). Therefore, we have to estimate the coefficients k;f W (f),
where we use the abbreviation I, for the interval [277m — 2777, 27Im + 2777,
Case 1: dist(0, [;,,) <277

Here we integrate in the distributional sense

() = / @y — 2 m) k(@y — m) ' (y)dy.

Ijm

After a simple calculation we get by |27y —m| < 27

K2 ()] < 2 / f(y)dy

Now we treat the remaining integral

/ Z Z 27 " w(2%y — 1)dy. (7.2)

k=0 i=1

,m

Since dist(0, /;,,) < 277, we need for the integration at most those Q) with
k 2 (j — J)/2. Furthermore, because of Q,,; C @, we have the condition
v; 2 2k. That gives

(72) < Z ZQVZS/ZLUQVZ

>J ieN
k v; 22k

Now, for fixed ¢, k, we ask, how many [ € Z there are with Q,,; C @, and we
count ~ 272k+¥i Moreover, we estimate

/ w(2"y — l)dy < 277,

Q"i N
Altogether we have

(7.2) Z Y gy Aiig e < gt

i€N
22k

Vi<

2

and get the following estimate

k7 (f1)] < 22279708 < g7, (7.3)
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Case 2: dist(0, ;) > 277

We write
oo ]
f=fitf with A=>> fi; and fo= Z Z fran (74)
k=0 i=1 k=0 i=[I]+1

where [I] is the whole part of a non-negative real number I which we choose later

on. Because of the linearity of the coefficients k’jﬁ ms We have

Ky (") = K5 (1) + K5 (f3)-
We start to estimate the coefficients for fi,
(0 = [ @0 k) fi27m + 2 gy,
supp k

Since dist(0, I;,,,) > 277, we only need a finite number of Q}’s for the integration,
therefore, we integrate in the usual sense and get

J/2

mf1|<0222“1>/2|w (2" (279 m +279y) = D)|dy.  (7.5)

k=0 =1 2 Qp—m

Now we use the same arguments as above and can estimate

J/2
K (FD] < e )y 2oy 2iingy
k=0 i=1
< 27l < 251 < pomils=1) (7.6)

where we chose 2%/ = j to arrive at the desired estimate.
For the coefficients of f; we integrate in the distributional sense and get

k() |<022J/ Z Z o ()| dy. (7.7)

Lim k=0 i=[I]+1

The construction of the f, gives

> ful)| < o

i=[I]+1

sup
Yy
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and because the functions f;, have disjoint supports for different k£ we find

)] < il s (0] 3 )
yelim \ k=0 liz[n+1
< 2297197418
< 2i27Is
< @7 (7.8)

where we used 2% = j again.

Finally, (7.3) together with (7.6) and (7.8) prove f' € B51(R).

Now we generalize the construction (7.1) and define for a monotone increasing
sequence (si)7,, with 0 < s, < 1 for all k& , the function

F = i i Frpi, with  Fy,; = 2_”1'5’“221(2”% -1,
k=0 i=1 ]

with the same restrictions for the sum over [ as in (7.1). By the previous calcu-
lations we are able to prove the following.

Example 7.1 Let S : x +— s(x) be a lower semi-continuous function in R with

s(x):{sk_l ox €Qy

—c . otherwise

fore > 0. Then F' € BS=in(R).

Here F' denotes the first derivative of F'.
Proof
We have to check, that

1E(E) oo |

Smin + sup 2_K(SK,I_smin)Hk(F/>|loo| gji < 00.
,K>J ’

We start with the first part

1 (") los |, = sUP 275000

B,3,m

g
K (7).

If we substitute s by s in (7.2) and (7.5), increase the factor 277 (or 27¥(ss=1))
by 2750 (or 27%(*0=1)) and follow the previous calculation, then we have by (7.3),
(7.6) and (7.8)

|k ()| < c270 D), (7.9)
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Because of sy, < so — 1 it follows, that ||k(F")|loo||s,...
Now we take care about the second part and check, if

< Q.

sup Q*K(SK’FS“““)SupK’szSK’“|k§3m(F/)| < 00, (7.10)
$,K2J ﬂ7j7m ’

where the supremum is taken over all
m,j > J + K with B%Q—Kﬁ—l N Bgfjmgfj # (Z)

We split the supremum over x, K in (7.10) into the five cases A-E.

A: B,yx+2N[0,1] = 0.

That is the trivial case, because all the coefficients kf . (F") are zero.

B: Bm72—K+2 D) [O, 1].

In this case we have sk, < sp — 1 and (7.9) answers the question in (7.10).

C: B, s-x+2 has a non-empty intersection with at most one Q).

Then we know sk, = s — 1. We use the idea of Case 2 and split F' into F; and
F, as in (7.4). Then we get similar to (7.5) and (7.6)

] .
LFD < eY 2o [ St aim e+ 270) ~ Dy
=1 l
Qk
>
< ¢ qui(sk71)2f2k+1/i27w
=1

< 27D < 2l < gl

which is the desired estimate, if we choose 2/ = j again. Furthermore, as in
(7.7) and (7.8), we have

[e.9]

022j/ Z Fri(y)|dy

I =41

CQH | |27V 114155

2 I(sk=1)

Ko ()

IN

<
<

That means, that condition (7.10) is fulfilled in this case.
D: B, -x+2 has a non-empty intersection with all Q) for & > k.

Now sk, = sk, — 1 holds. For the estimate of k,‘f . (F") we have to distinguish
between dist(0, 7;,,) < 277 and dist(0, I;,,) > 277 again. For dist(0, I;,,,) < 277
we follow the way of Case 1 and get

I3 mF’|<cQ2’/ZZ2 Z (2% — 1)dy.

k=0 i=1
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By dist(0, I;,,) < 277 and the restrictions for the case D, it follows

() < ¥ 3 Zw%/z 2y — 1)d

i—J J i€EN
k> >k u>2k

C22J Z Z 2—Visk02—2k+yi2—ui

>i—J ieN
kX5 2ko v;>2k

2299=I =78k

IN

<
< 23 (kg =1)

For dist(0, I;,,) > 277 we use again the idea of Case 2 and find analogously to
(7.5) and (7.6)

i/2 ]

KN < @30 2o [ S @i+ 3~ lay
k=ko i=1 Or l
i/2 ]
S c Z Z 27V¢(sk071)272k+l/i27w
k=ko i=1

< CQ—J'(Sko—l)7

in the same way as above. Moreover, similar to (7.7) and (7.8), we can estimate

[029]

IA

02”/2 S Ay

1 k=ko [i=[1]+1

< |, |2
i 1
< 2 J(skq )7

so that condition (7.10) is fulfilled in this case.

E: B, ; x+2 has a non-empty intersection with at most Q,, Qr,+1,- .-, Q,-

In this case we have sk, = s;, — 1. Furthermore, in (7.10), the supremum over
x, K, in this case, can be estimated from above by the corresponding supremum
in the case D with k, = ky. As in case D we find

|k:fm(F’)] < 02—3‘(%—1)7
which ensures, that condition (7.10) is fulfilled in this case.

Since we proved that (7.10) is fulfilled in all cases A-E, the proof is complete.
O
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Remark 7.1 Motivated by Theorem 16.2 in [24] we also wanted to prove that F’
does not belong to any better space in terms of smoothness. Then we would have
shown that F' is an extremal function in the space BS*n(R). But we recently
learned from [6] that the function constructed in the proof of Theorem 16.2 in
[24] does not have the desired property, although the Theorem is correct, which is
also shown in [6].

The statement proved above is only a partial answer to the question under con-
sideration, because the given function S : x — s(z) has a special dyadic structure.
It is possible to generalize that a bit in the following way. At first we fill the gaps
between the ();’s. For the function

F= B with  F=27>" w(2%e - 1),
k=0 i=1 l

where supp ]3;“ C Q= [272k=2 272k=1) it follows by the previous calculations,
that F' € BS%min(R),
R with

where S : z +— $§(x) is a lower semi-continuous function in

(a:):{/s\k_l . ZEE@k

S| )
—€ : otherwise

for ¢ > 0 and a monotone increasing sequence (55)7°, with 0 < s, < 1 for all .
Now, by Corollary 3.2, we can state, that F'+F' € BS5=in(R), where S : z +— 3(z)
is a lower semi-continuous function in R with

~(£l?):{8k_1 : xGC/Q\k

S ~
s,—1 : x€Qy.

Now we only sketch the further way very roughly. We could repeat the whole
procedure and divide every (J; and (), in subcubes by the same method. Instead
of s, and s, we would have suitable sequences (sg:);2, and (5.)2°, and could
construct for every @y and @k a function with the corresponding smoothness
behavior again. If we repeat that over and over again, it seems possible, that
in the limit, the dyadic structure of the step functions goes over to a continuous
structure.

Remark 7.2 One could also ask the inverse question: Given a function f € S’,
is it possible to construct a lower semi-continuous function S : x +— s(x) in R
with the properties

S,s n S+o,s n
feB*R") and f¢B70R")

for every non-negative and non-vanishing lower semi-continuous function o(x)?
We had a few conjectures about how to construct such a function but did not
succeed in proving one.
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